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Photon-matter interaction processes

Light-matter interaction:

- photoelectric effect (absorption), t
- elastic scattering (Rayleigh), o,
- Inelastic scattering (Compton), o, ..., 108 , ,
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Photoelectric absorption

The absorption coefficient (@) can be expressed (in S.I. units) as
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where 7 is the number of atoms per unit volume, o, is the atomic absorption cross

section, 806014%6‘ /2R 1s the photon flux (A 1s the magnitude of the vector potential

of the electromagnetic field) and w; is the probability of transition per unit time P = P exp[—p(w)x],
(transition rate) from the initial state [¥;) to the final state |¥r).
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Fig. 6.1 Left X-ray absorption cross-sections for Germanium. Continuous line photoelectric
absorption, with the three L edges (1.217, 1.248 and 1.414 keV) and the K edge (11.103 keV);
dashed line elastic Thomson scattering; dofted line inelastic Compton scattering. Right Binding
energy of the levels K, Ly e My as a function of the atomic number Z

Di Cicco - 09/2024 School on Synchrotron Radiation 3



The one-electron picture

1054 www.globalsino.com/EM/ K
@ The phenomenon of X-ray absorption in mainly | =
associated with core electron excitations.
o 10t
@ The K, L ... threshold sequence suggests it is >
—_ " e .
mostly a one—electron phenomenon. g — —
A > 7
@ Relevant matrix element < ‘l"i| €p |Wf > = A —
c Y
@10 4L
. Y 15
@ Typical transition times 107 s
(instantaneous with respect to atomic motion). o N,
H; 0 l f
=N: 10 20 30 40 50 60 70 80 90
M T Atomic number
— | =" Characteristic energies
A ﬂml N Each element has a characteristic set of excitation and fluorescence energies.
3P b2
L ll 'l l Ls {Iron: L= |
BREREE : Edge Energy (eV) Line  Transition Energy (eV) Strength
K K 7112 Ka; K-L3 6405.2 0.580
i L3 706.8 Kaz K-L2 6392.1 0.294
L2 719.9 KB  K-M3 7059.3 0.082
L1 844.6 KB K-M2 7059.3 0.043
e Ky KBs K-M4,5 7110.0 0.001
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The fine structure

discrete resonances
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Fig. 6.2 Fine structures at the K edges of Argon (/eft) [derived from L. G. Parratt, Rev. Mod. Phys. s w4 s s 17 B8 139
31,616 (1969)] and Germanium (right) E (keV)

@ A probe for average properties around the selected photoabsorber atomic species:
unoccupied density of electronic states (projected + excitonic effect)
short-range structure (partial radial distribution functions)

@ Can be indifferently applied to gas, liquid and solid (amorphous or crystalline) phases

@ Suitable for investigations under extreme thermodynamic conditions (HP-HT)

@ Full bulk sensitivity: typical sample thickness 0.01-10 mm

Fine structures first reported in 1920 by Kossel
Di Cicco - 09/2024 School on Synchrotron Radiation 5



XAS and XRF

e X-ray Absorption Spectroscopy
(XAS) and X-Ray Fluorescence
spectroscopy (XRF) are inner-shell
spectroscopies (the x-ray photon
interacts primarily with a deep-core
electron — single electron
approximation)
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Photon electron

Interaction
9@ n=1 K edge

* Spectroscopy here means that
we are measuring specific
physical observables as a
function of the photon energy
(photon transmittance,

fluorescence intensity, electron
vields)
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X-ray absorption in transmission mode

It is the preferred method for XAS experiments in the hard x-ray
range for accurate, reliable and low-noise measurements

High flux of photons (synchrotron) — high counting rates, low
noise (better than 10* signal to noise ratio)

Linear detectors in a wide range (ionization chambers)
Tricks of the trade (many)

Sample of appropriate uniform
thickness (micrometric-calculatedhe sample is usually dispersed (b) into a "chem- e
for optimal absorption jumps) ically inert” matrix, low x-ray absorbing and high- éﬁgﬁ%

temperature resistant (like BN, C, AloOs, ZrO»). ?'Q%.

Optimal setting of the beamline Micrometric powders of pure materials can be %é}%
(pressure and gas of ionization undercooled quite easily hundreds Celsius below O@
chambers, collimation and L &5
positioning of the beam at (a) (b)
sample position) + , o

plep ) o ®

.............. many ¢ = @0 exp[—u(w.);{], 0 I
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Fluorescence and Auger yields
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Fig. 6.4 Average fluorescence yield n (6.13) for the K, L and M edges (left) and width ', of the
K and Ly excited states (right) as a function of the atomic number Z
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X-ray fluorescence

There are different methods for collecting XRF spectra depending on the
particular experimental needs, basically divided into energy (EDX, EDS) and
angular dispersive (WDX) techniques. Energy dispersive requires a solid-state
detector and a multichannel electronics, angular dispersive a complex setup
Including monochromators for the emitted photons.

EDX is nowadays a NN -

standard at x-ray scanning- 5\, \
energy beamlines for , \
collecting XRF signals of I o .

diluite samples.

-Energy resolution is |
limited (typically 130 eV or E
120 eV FWHM for Si(Li) or
Ge detectors, at 6 keV,
iIncreasing with E¥2).
-Depending on the +
monochromator setup, very
high resolutions can be /
achieved using WDX. DiCicco- 09/2024 School on Synchrotron Radiation 9
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X-ray fluorescence

4000

Mostly used in the hard x-ray
regime, at synchrotrons for
dilute atomic species/samples

High-tech solid-state detectors
can improve collection
statistics by increasing the
collected solid angle (multi-
element) and with a low-noise
electronics (the selected ,ROI”
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contains usually only a small B
portion of the signal) R | ("
* Precautions must be taken  Fluorescence emission in Br 2 . i
for thick samples (corrections solutions of increasing £ g
for self-absorption and concentrations - R
increased background, filters) 5y B
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Electron yield techniques

.EspeCia”y userI for In the l- nmmmiutncv r.:, or"’ tliﬂcsnsnm (av)
soft x-ray range R G mlf..w
*Surface sensitivity C \L_/\
. . J 1
*Different options for . =
measuring x-ray
absorption (Auger yield,
total or partial yield) O S— ——
*Usually needing high I
Vacu u m YIELD WIN ETTING : / :
technology/conductive | S——
samples T
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X-ray Absorption Spectroscopy:

synchrotron radiation experiments

XAS — X-ray Absorption Spectroscopy Transmission
XAFS — X-Ray Absorption Fine Structure mode
EXAFS — Extended XAFS

'Transmission XAS
w(E) = In(l/I), ie. Beers' Law for

X-rays
and/or
i o Photon-in,
photon-out
bendng gl (fluorescence
| R mode)
|

,Fluorescence XAS
\‘[L(E) x It/

' Hard X-rays are deeply penetrating

%Ef into matter, so the stage could be: and/or
AN __ o Cryostat electron yields
Furnace
§ G N T °
«s;‘;ff\jf; "gfof‘"‘%, @ Pressure cell _ to. .X-ray
¢ . diffraction/laser
Sty @ Electrochemistry cell
. | beams
"“:?3; @ Stop-flow cell
@ Gas flow reactor
Photo is of the hutch from NSLS beamline X23A2
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X-ray absorption: simple picture

X-ray Absatption |solated]atom condensed matter

W_ EJ ? X-ray Absorption Fine-Structure The <
& photo-electron %~ (E- Eo) . wave

NNV g
] AYAYAY XANES |3 u(j
} state

x—ray
-L\-‘"‘ core-level Absorption N | Absorptlon =
Absurblng Atom Frubabilily Absorbing Atom Scattering Atom Probabllity
7 N N\
(a) /(b)

g"ay B B
'

A
o 2N /

Fig. 6.3 Schematic picture of the EXAFS phenomenon: a the X-ray photon impinging on atom A
(the black circle 1s the orbital of the core electron), b the outgoing photo-electron wave function
(the open circle is the core hole of atom A), ¢ the final state superposition of the two wavefunctions,
outgoing from atom A and scattered from atom B
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Core-electron Photo Absorption

The excited electron range is limited

by the lifetime of the excited state.

Thermalization of the highly excited electron
Photon . ;

is fast and interference processes are lost

at long range

)\("\/k Photon

A
\ 4
N

N
o/

5~10 A Core level
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XAS — photon pump/electron probe

Due to the finite lifetime of core-hole and the mean free
path of excited electron, we need to consider only a
cluster in few A size

-~ EXAFS Is sensitive to the local structure!
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XAS interference effect

The absorption coefficient is affected by the interference processes contributin?(_to the final
photoelectron state, so information about the local structure can be derived looking at the
modulation of the absorption signal

AVAVAVAVAVA outgoing photoelectron aVaVaVaVal
NN\ scattered photoelectron \ N\ N\ N\

Constructive interference Destructive interference

maximum minimum
|

=

J

0 200 400 600 800 1000
E [eV]
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The XAS structural

The XAS structural signal is the
normalized modulation of the absorption coefficient

U\E)—pylE)
Ho|E)

— The absorption coefficient of the selected-
core level must be isolated removing the
pre-edge background absorption and
possible other smooth background
contributions: wu(E)=ti.,(E)-b(E)

X\ E)=

t
=

ien

"

Absorption coeffic

— The atomic absorption normalization can J |
be appr_oximated by cross-sect_ion Pre-edge background
calculations of oy(E) (hydrogenic :
approximation for instance): wy(E)= Joi(E) J v /
here J is the absorption discontinuity at the 0 oo 400 600 . 800 1000
edge Au(E)) E-E, [eV]
. Sometimes the approximate form U\E|—p,|E|
Is used neglecting the energy dependence X(E ):

A, (E 0)
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XAS (EXAFS) at a first glance

The XAS structural signal x(k) is

L : — _ 2
a regular oscillation as a function k = \/[Zm(Ehv EO)/h ]
of the photoelectron wave-vector k:
2 Pt L3-edge XAS
Bxp u-NT of crystalline Pt
u-Ni (1493 K) RMC todel — and different ~
Hosidual nanocrystalline Iy
T0.005 forms 5 JV
= = Pt2
= . . |
I\ (/\/\’1"‘_ Ni K-edge XAS pts
k(A ARAEA
: : : : of liquid Ni at -
. . , , 4 6, 8, 10, 12 )
i 5 6 7 8 9 10 11 12 different !
k(AT temperatures o
5.0 7.5 10.0 12.5 15.0 17.5
IG. 2. Comparison of calculated (RMC simulation, green k (A1)

Standard EXAFS formula

(oversimplified) — | x(k) = sin[2kR; + d;(k)]

Z IN;S2f; (k)e2Ri/Alk) o2}

: kR;
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Example of XAS sensitivity (distances)

Pt — 6 Pt

ﬂ | \ R, =277 A
Main effect: =
frequency change. =
Higher frequency -
longer interatomic | U \
distances R

ko (k)

L T L] T Ly T Ld I 1
2 4 & 8 10 12 14 16

k/A -
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XAS sensitivity (number of neighbors)

Main effect: amplitude
change. ]

< J Pt— 6 Pt
The amplitude scales |
linearly with the
number of neighbors

(N) '

The amplitude of the -
signals is also —— 1
exponentially damped | |
in k2 through a J
disorder factor ﬂ
(Debye-Waller Like)

kg (K)

| Pt — 12 Pt

—
S
™
o
.

—7 r r r 1T - 1 r 1~ 1 r 1
2 4 6 8 10 12 14 16
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Example of XAS sensitivity (chemistry)

Main effect: k-
dependent
amplitude change
Minor phase
change effects are
present too

The amplitude
depends on the
scattering power of
the neighboring
atoms (related
roughly to the
atomic number)

Ky (K)

——
e
S
et
=

Pt—-60
|
n Pt -6 Pt
h !
4 6 8 10 12 14 18
k/ A
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Interpretation of XAS

Oscillations of the core level absorption cross-section for molecules and crystals
known since about 100 years

SRO and LRO theories used for interpretation for long time

70s: initial use of synchrotrons and application of a simple Fourier Transform method
for XAS data-analysis: Sayers, Stern, Lytle, PRL 27, 1204 (1971)

mid seventies: a real-space multiple-scattering approach is shown to be successful
(Lee and Pendry PRB 8, 2795 (1975) ... )

80s-today: computer developments make it possible multiple-scattering (MS)
data-analysis both for near-edge and EXAFS spectra

Advanced main MS programs developed and currently available:
English school EXCURVE (Daresbury), J.Phys. C, 21, 3699 (1988).
US school FEFF (Seattle), PRB 44, 4146 (1991).
ltalian school GNXAS (Frascati), SSC 78, 265, 1991; PRB 52, 15122, 1995
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XAS: Current computational strategies and approximations

The x-ray absorption cross-section for a given excitation channel, indicating with « the
fine structure constant and fiw the photon energy, is expressed by:

o(hw) = 47%a hw Y " |(i|e- FIF)|*6(Er — Ei — hw) (1)
f

Underlying approximations:

The photo-absorption process is dominated by dipole transitions;

It is a one-electron process: (i| and |f) are the initial (ground state) and final
(excited state) 1-electron wave-functions;

|f) is calculated using an effective potential for the excited state

V(F E) — VGoulomb(F) + E(E P{F)}.

Y (E. p(¥)) is the self-energy for an electron traveling in a uniform electron gas
of density p, accounting approximately for exchange and correlation effects;

V(F.E) = Zj V;(F — ﬁj) is approximated by a decomposition of spherically
symmetrical contributions V; centered around each atomic site, embedded into
a constant potential;

As a result of the previous Muffin-tin approximation, |f), or more conveniently
the Green's function GT(E) for the final state Hamiltonian, can computed as a
result of a scattering process of a photo-electron wave over the surrounding
spherically symmetric potentials.

1 - — .
o(hw) = 4n%a hw ~Im(i[e" - 7 "NGH(E + hw)|e - Fli) . (2)
Di Cicco - 09/2024 School on Synchrotron Radiation 23



GnXAS collaboration

~Main GnXAS development (1990-1996): A. Filipponi A. Di Cicco and C.
Natoli

>Collaborators contributing also to previous GnXAS workshops and
schools (1992-2022) P. D’Angelo, K. Hatada, F. lesari, M.
Minicucci, E. Principi, A. Trapananti, A. Witkowska ...

>The Camerino XAS group is currently distributing GnXAS to the
scientific community. Its use is recommended under Linux
operative system, but it can be adapted to MAC OsX and Windows
(K. Hatada, F. lesari).

> ongstanding scientific activity in the last 35 years on XAS under non-
standard conditions carried out at ADONE (Frascati), LURE (Orsay) and
since 1995 at the ESRF (Grenoble), since 2006 ELETTRA (Trieste),

since 2007 at Soleil (Saclay). \ s a o~ — 4 7= Y |
XAS LAB.... &

> http ://g nan . u n i Cam . it We bS ite X-ray Absorption Spectroscopy Laboratory - University of Camerino \
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http://gnxas.unicam.it/

Documentation

Guidelines for installation and
usage are available at the
website http://gnxas.unicam.it

fﬂ School of Science and Technology
Physics Division

Free downloading O'I: HOME_ - Current versions: 11.2013/12.2006
executables and updated e | ]
2023 version oxas

Data analysis examples il —

Full documentation on GNXAS
and related programs
available (GnXAS red book
2009)

Restricted

+ Ful and updated GNXAS documentation (2009); the GNXAS Ted-book,
: .
= Ahematively: TASK QUARTE o 4, 575-6 0. {: L E il
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GNXAS data-analysis

® Flow diagram of the GNXAS package
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The x-ray absorption cross-section: dipole approximation

(7) o(hw) = 4m’ahw Y~ |(i|€r|f)[?6(Ey — Eo — hw)
f

where o = e? /hc ~ 1/137 is the fine structure constant.

This equation is written within a simple one-electron scheme where there is only one charge
interacting with the field. In a many-body approach |i > and |f > are the initial and final
many-electron wave functions and the dipole operator contains all of the possible electron
coordinates € _, r;.

The wave function of the initial state can be separated in angular and radial parts:
®) i >= Yi,mo (B) Ry, ()

lo is the angular momentum of the electron and Y}, .,,, are the spherical harmonics
functions, solution of the angular part of the Schrédinger equation.

The final state after photo-excitation is a wave traveling in the medium of well-defined energy
E and wave-vector q and can be also expanded

(9) f >=D  CimYim(F)Ry(r)

lym

in “partial” waves of selected angular momentum. 27



Dipole selection rules

. Yio = 4/ 430089
The dipole term can be T
also expressed in term a1 Yiir = TFiv) —-sineit
' 8m

of spherical harmonics
and dipolar selection

) _ we obtain a simple expression:
Rules are obtained in

the matrix element (lp - . [4m
(12) e&=r _Yl,m,},
lo-1, 10 - I0+1 only 3
channels allowed). where m., = 0, 1, —1 corresponds to linear, right and left circular polarizations respectively.

For unpolarized radiation or when the sample does not show preferential directions
(crystalline powders or disordered systems) we can write a polarization-averaged matrix
element:

1 47
s 2 . 2

(13) | < fler|i > | =§;|<f|rY1,m,\,|z>| -
& |

A great simplification is obtained by separating angular and radial coordinates in the
integration of the matrix element. The well-known dipolar selection rules are obtained by the
following equation involving spherical harmonics:

Z < }/E,mnflg,moyl,m-y > }/,Io,moyl,m,ylyir’mr -

mo ,m—.{

01,10+1 -

3 lo lo +1
14 = ) r | ——4§ _
(14) 4 LLI'Ym,m |i2l ) l,lp—1 T 20+ 1



XAS cross-section: spherical atom

The x-ray absorption cross-section for transitions of a s core-electron to continuum states
can be written as:

; 1 lo+1
o(hw)k,L;... = 2'4W2QM§ZZ [Ql—l— 155,lo+1|M50,50+1|2 he
mfy m 0=

8
(16) = §W20M|Mzo,zo+1|2

where we have taken into account the spin degeneracy (2) and the polarization average.
For hydrogen the matrix element can be solved exactly using the continuum wave functions:

3 2 28 ag 7> °

17 R;— g - T = — —
(17) |Ri=1,E,7° Rn=1,1=0| 71 2 (1+?72) f(n)

E —4narccotn
where n =/ =5, and =S5
Thus the cross-section becomes:

8 5 . 2%a} ( n> )5

18 hw = - iy — —
(18) o(hw)k,Ly... 3™ o (T f(m)

Di Cicco - 09/2024 School on Synchrotron Radiation 29



1-atom scattering theory

Free particle S. equation (V' (r) = 0):

(19) HV = — AV = EVU

A possible solution is ¥ = Zl,m A m Ri(7)Y1,.m (7) where Y ,,, are the spherical harmonics

(angular coordinates), and R; is composed of Bessel j; and Neumann n; functions defined
as:

l Lo
, o d sin(kr)
(20) Ji(kr) = (=1)" (,r d,r) =

Those functions (Neumann’s are obtained using cos(kr) instead of sin(kr)) are solution of
the radial equation:

@1) 442
gz ¢

d§ &

4 l(l“)} Ri(r) = 0

where £ = kr.
The asymptotic behavior for £ — oo is:

1
(22) Ji(kr) ~ Esin (k:fr — lg)
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Muffin-tin

If we switch on the potential in a finite spherical region » < Ry, we can write the equation:

L2d o, M+

- [d? 2 d
dr2 = rd¢ r2

- V('r)] Rt (r) =0

where V (r) = 22U (r),r < Ry, and V(r) = 0,7 > Ry

Figure 1: Sketch of the scattering process

The scattering potential of each atom is assumed to be
spherically symmetric and limited in range: V(r)=0, r>Rwur
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Wave function for a MT potential

A suitable combination of Bessel and Neumann functions will represent the wave-function for

r > Rjsr. However, the free-particle solution will depend on the interaction (potential
energy) inside the sphere because the wave-function is continuous and derivable in the
whole space.

Useful functions describing outgoing particles in free space interacting with spherical

potentials are: h;" (kr) = j;(kr) + in;(kr) (Hankel functions).
The (radial) solution for » > R ;7 can be written in the form:

(24) Ry(kr) = ji(kr) + ityh) (kr)

while in the region » < R, we can solve the S. equation:

(25) Ry(kr) = C R (1)

By imposing the continuity of the function and its first derivative we obtain:
(26) CR)(Ryr) = gi(kRuyer) + itk (kRarr)

27) CRY (Ryr) = k [j;' (kRprr) + ity b ’(kRMT)]

Di Cicco - 09/2024 School on Synchrotron Radiation 32



Definition of the t's

Dividing the two equations we have (Ry;r = R):

RO'(R) K [j;(kRMT) + it h)" (kRMT)]

(28) e , .
R)(R) Ji(kRarr) + it by (kRavr)
Therefore we obtain:
W [, RO
(29) t =i [ji “j
W h R

where we used the Wronskian W[f,g] = f¢' — gf’.
The normalization factor C; can be found by continuity:

(30) C R (Ryr) = ji(kRarr) + ity hy™ (kRyr)

It can be shown that C; is simply proportional to ¢; and therefore the solution of the
Schrédinger equation inside the sphere (r < Rjs7) can be normalized in such a way that:

Ry(r)
(31) Ry(r)

tiR) (Ryr) 7 < Ry

ji(kRyr) +itih (kRyr) 7> Ryt



Relationship with phase-shifts

By its definition ¢; represents the amplitude of the wave scattered from the potential and
must satisfy |¢;| < 1. The scattering amplitude can be then written as t; = €% sind; (with the
important property |t;|2 = I'mt; ).

The asymptotic behavior (r — oo) of the solution R;(r) in presence of the potential can be
derived by that of j; and n; functions:

o1
(32) Ry(r) ~ etor gsin (k'r — lg + 5;)

The §; functions are called “phase-shifts” and represent the phase difference between the
asymptotic solution in presence of the interaction potential V (r) and that of the free particle.
The 9; functions (defined within 27) are directly related to the potential (attractive field:

o; > 0).

The usefulness of the partial wave expansion is related to its convergence properties. The
number of [ terms to be considered depends on the range of the potential.

A semiclassical argument is useful to explain this property: the angular momentum of a
particle with momentum p = hk is | = hks where s is the minimum distance from the
scattering center. If the range of the potential is limited than s < R and therefore only partial

waves with £ < kR have to be considered.
This result is confirmed also by more accurate quantum theory calculations and holds for
finite range potentials and energies far from resonances.
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Example of phase-shifts

In (Z=49) in body-centered-tetragnal crystalline

_ e (Z/13T)2 )
In [LH.] 0.2 R{él el ér J’l P 0.6 .- __I__ I=0 F-";.
DY 1 SR [ ey | /
I it o . B a
it [ [ gy e = __l__ 1 _ .2 ‘! .
5.0 4 = 0 E=~0.4; - =3 A,
fa — 08 | o x -
~ 0.0 1 : P ’
= -5 EU,E r,f ’_'_,"'
02 — T
e 007 — = D04 eeeem ‘..'--"EEEIE;;:: :::t"".—".."_"
] - T T T T T
} e — Z, at.num.
E e ( K-edge (points with star)
0.0 . . . TR s = ———— =i
0 25 50 5 W0 0 00 40 60 80 Ls edge (points with square)
FE [Rad] E [Ryd)
Au (Z=79) in fec crystalline
Au (Ls) |R{d — G} The impnrtance for relativistic
LLLk 4 — w4 ], nr 0.5
= — KA ], A . .
i e effects in high-Z elements!
_— _5.“_ %_ “ “ — L4GTE
_ .5 = LM
Il

L0 A

. 03 == Phase-shifts at high kinetic energies for different
X M_& angular momenta and increasing Z number.

[2]G. Tchoudinov, A. Di Ciceo, and C. R. Natoli Phys. Rev. B, 105, 14410, 2022,

Lk
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Scattering amplitude and cross-section

For a generic channel (initial angular momentum [.) the x-ray absorption cross-section can
be written as:

8
(33) o(hw) = gﬂQQﬁw [(le + 1)IMy, 14117 + LMy —1]7]
where
Ryrr Rparr
(34) M, =/ CiR}* Ry rdr = t;/ RY* Ry ridr
0 0
and by defining
(35) My, |? = 6P| M7

we obtain that the scattering amplitude is included directly in the cross-section

8
@) o(hw) = mahw |(le+ Dt PIME g ? + leltr 1Py, )
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Generalization for a collection of

spherical potentials

It is possible to find a solution for the wave-function of an excited electron in an ensemble of
spherical potential. Usually the problem is tackled using the Green function formalism
(derivation shown in Faulkner and Stocks, PRB 21 1980, and more recently C. Brouder, D.
Cabaret - Ph.D thesis).

In this context the "scattering path operators” plays the same role of the ¢; but including all
the multiple scattering events within the set of optical potentials. The scattering path operator
is @ matrix including both scattering amplitudes (T) and site-to-site propagators (G):

1

(37) =17 =G]”

=T —-GT)™!

The cross-section can be written as:

8 * *
38y (hw) = 7 *othw [(z + 1) A SMP* ) M + Leyy, A SMP* G MY ]

where the atomic cross-section (G = 0) and the structural term are separated:

- 8 8
@0 o)™ = SrlahwlMp PTG Ly = Srtahwl My | Psin®80, 1y
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Cross-section for a collection of MTs

The structural term is defined as:

1 1

le£1 1li1li1mm
(40) xw)f— = | E (I — GT

( ) %(té“ 1) 2(lc:|:1)—|—1 71 ) ]

and the cross section becomes

(41) o(hw) = (le+ Doy x(w)i ™ + (e)og ™ x(w)g ™

Within this formalism the cross-section for the excitation of an electron within a collection of
spherical atoms is obtained by the simple atomic cross section o just substituting the
scattering amplitude ¢ with the matrix element scattering path operator = calculated on the
photoabsorbing site (where the overlap between the core wave function and the wave
function of the excited electron is not negligible).
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Modeling x-ray absorption using the MS theory

The polarization averaged XAS cross-section for transitions to a dipole selected final state of
angular momentum [p can be written as

|- 1 1 —11Lg,L
42 olw) =00 | T(] — q7) L1ko. Lo
(42) (w) ( I_ %(tg’) ST mED:[ ( )" oo

Here 7, is the atomic cross-section, 7" and  are the atomic scattering and propagator
matrices in a local basis, indexed by z, 7 running over the different atoms, and by a set of
angular momenta L, L’ (where L = {l, m}).

The 1" scattering matrix here is block diagonal (7; ; = 7; d; ;) and, in the MT approximation

for the potential, also diagonal on the the L indices (tf"L — t‘;. OL,L’)-

(43) T — tiéi,jéfsj”jm:-m"

In terms of the I-th potential phase shift: ¢} = exp(id!) sin(a!).
1" matrix elements are calculated by solving the Schrédinger equation for the potential at the

corresponding : site.
Remark: all MS equations, and in particular the XAS cross-section, remains unaltered if one replaces the MT

(L,L'

spheres with space filling cells (no interstitial region), but this replaced by , taking in this way into account

the non spherical shape of the cell potential (non MT potentials). A Fiipponi, A. Di Cicco and C. R. Natoli, Phys. Rev. B 52, 15122 (1995)
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Geometry probed by propagators

The propagator matrix is composed of null diagonal blocks, (. 2) sites, and non null

off-diagonal blocks Gf".y describing the free propagation from site 7 to site 5 (z # j). The
expression for a single propagator block involves 3J symbols and is given by:

L.L' i L A1 U
G = [Am (20 + 1)(2" + 1)]2 IZ(QZI +1)2 (0 00 )
1

L ,z 3 -
(44) ( ! )(—Um i (RRij) Yl s —m (R ).

m —m' m'—m

Here h;r are Hankel functions, Y7 ,, are the spherical harmonics and R*;i,’j the vector joining
site j to site 1.

L,L' e

(45) Gy #0 only 1f 147
Describe the site to site wave propagation. it (kr) ~ e; ’ aymptotic behaviour for kr >> [

T

Phys. Rev. B 52, 15122 (1995) — see refs. therein
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Chemistry — structure decoupling

The two important matrices appearing in the cross-section are related to the chemistry (71
using only atom indexing):

to 0 0 0
0 ¢1 O 0
(46) T =
0 0 tn—1 0O
0 0 0 tN
and to the geometry (G):
/ 0 G[]’l GDJQ GD,N \
Gl?[] 0 GQ,D GI,N
(47) G = ..
Gn-10 GN-1,1 .- 0 GN_1,N
\ G N0 GN,1 .. GN.N-1 0

Phys. Rev. B 52, 15122 (1995)

Electron interaction and structure are decoupled! In this approach the model optical potential is included in the
scattering matrices t; (irrespective of their positions). Conversely, the matrices (5; 4 contain only information ot

the geometrical dispositions of atoms © and j irrespective of their actual scattering power.

1



Multiple-scattering expansion

® Non-linear relationship between geometry and XAS signal:
o~ (I —-GT) !
Non linearity: mathematical consequence of the strong coupling of the photoelectron
with the surrounding atoms (more difficulties in analyzing XAS data).

® First approach: multiple scattering (MS) expansion. Where the norm of the GG7" matrix
(maximum modulus of its eigenvalues) satisfies ||G'T'|| < 1 then the formal matrix
expansion T'(I — GT)~1 =TI + GT + GTGT + GTGTGT + .....) is convergent
and gives rise to the MS series.
The above condition will certainly hold above a given energy since not only the

elements of the ¢ matrix decrease like 1/v/E but also ||T'|| = max |t;| tends to zero
much more rapidly with energy. The convergence threshold is system dependent,
typical values range from below the edge to a few Ry.

® Writing down the series we obtain:

(48) o(w) = oo 1+ZXD““ Z 2 Qi90 Z 0igk0 |

1#0 i#] i£j#Ek
i#0,j20 iZ£0, k20

Phys. Rev. B 52, 15122 (1995) — see refs. therein
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Multiple-scattering signals

The generic y,, structural term is:

iy
o t 1

" (1) 2lo + 1

—01...50
Z(:' “7%)Lo.Lo

mo

and specifically 290 = (i ;1,G; oto for x93, 2090 = G t,G5 ;G oto for x3Y, and

20k0 — Gy ptpGr it Gy.itiGaoto Tor x4 7Y In this notation it is understood that the
internal angular momentum indices have been saturated.

Ip
_ t 1
(50) X' =9 K Go.itiGi0to)Ly.L 0
2 Siﬂg(ﬁéﬂ) 20 + 1 ;{;( ililrg )Lo,Lo ‘
xi

0110 to 1 1
By =S E Go it Gj.itiGiolo) Ly . L

3 Sﬂ,ng(ééo}Qgﬂ—i_lmﬂ( ava J.rle™T1 ) 0 0 0 j

Phys. Rev. B 52, 15122 (1995) — see refs. therein x 3



Sinale-scatterinad approximation

#® High energy limit: £r;; » 1 (single-scattering approximation)

(53) o(w) ~ o0 [l +2 Xgin]

i£0

#® Starting point for explicit calculation (given excitation channel [):

] 1 ]—
{ } X -J tDGD.’ -t -G -,DtD L '.‘L

Using the relationship between phase-shift 5% and the scattering matrix ¢} = exp(ié" ) sin(s%)
for the photoabsorbing atom, it becomes:

. ]_ . I.D
040 210
(99) Xy =S (2.{.;. 4 1€ o E :[GU:JtJGJ,D]LmLD) +

mo
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The explicit form of the reduced Hankel functions appearing in the propagator ¢ is:

e Lo+ 1 0 \!
58 h (kr) = i bt (k) = = E:( _(—>
(50) by (hr) = by (k) = =0 £ (U= t)l el \ 2kr

whose aymptotic behaviour for kr >> [ is

Ezkr

(57) h"(kr) ~

We then obtain the following expression for the single-scattering term:

- 4 Lo X
Xg.?ﬂ' 2(3 —I)_ld[ﬁﬂiﬁﬂ TT y: (“'% L' n, k?"nj)}/;r_.r (?‘Gj)
mo Iom /', m

(58) Z CEP e, (kr50) Yy o (150)]

EH‘

1
(2.'3 4+ 1)(25" + 1)(2:!” + 1) 2 /01 I 1! ]!

59) ('L — —1)™

9 L [ A 0O 0 0 m —m' m” (=1)

' }3‘ r 70 are the Gaunt coefficients expressed with the 3J symbols (see for example M. Rotenberg, the 3J and 6J
symbols MIT press, Cambridge USA 1959).




MT single-scatterinc

Using the sum rules for Gaunt coefficients:

) , o+ 1)(2A+1)] (10 1 o
60) > Ch Cr%, = [( ) )] (g ; 0) (—=1)™ 8p1 111Gt

A
mq,m

21/ 1 ’
(1)

61) S D™ Y (065)Yir — i (750) =

m/

we simplify the equation for o in this way

. ol 7\ 2 ’
©2)\y" = &(EMD‘” Z(2£+1)t22(2£’+1)('{g 5 %) n;g(kmj)(_n‘).
Irf

[

This equation, exact within the muffin-tin approximation, can be further elaborated by
exploiting the fact that the involved 3J symbol is different from zero only when the sum

lo + 1’ + 1" is even. In this case (—1)T0++1") = 1 from which follows
(—1)o+D) = (_1)(-1’] — (_1){—1’) _
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“lane-\ /O] ] -aAlOI] 0]0140
o o ollinle o 10]! A

Using the preceding equations yo becomes:

N 2
&&° = (- 1)-’*09(2*5”2( 1H2L+ 1)t Z(2£’+1)(U 5 30) ngtz(kmj))

This “exact” equation for the single-scattering term can be then approximated by using the

zkfr

plane-wave, small-atom approximation for the spherical propagators h+(k‘?) ~ S— and
using the sum rule

,- LU\ _
(64) Z(2I+1)(U 0 0) = 1.

IJ’

This leads to the following approximate equation for the single-scattering term:

050 ooy [ L2100 e?(kros)
(65) X9 ~ (=1)log 0 Z( 1)E20 + 1)t .

7 (krog)?
The back-scattering amplitude for atom ; can be written as:

(68) i k) = fy(m )] ) = 2 5721+ 1)(-1)'d

7
I8



'EXAFS' formula

Using the preceding relationships we obtain:

| Q'i(k'l‘g']
050 550 165 (k) £ :
@ ~ (109 (ﬁm‘*ﬂ s bl s )
]

lo |fj (Tr: k)| Sin (QkTDj + 253} (-‘I‘:) + (ﬁj(k)) :

k(ro;)?

(67) = (—1)

The usual "EXAFS” formula for a particular dipole-selected channel i can be recovered
considering N; neighboring atoms whose interatomic distances rg; follow a Gaussian

distribution of variance af:

(m, k
(68)y ~ (_1)E|j Z |£j(§ﬂ;r?)g)| E—ngggﬁ_ifcjfk{k)é.iﬁ (2}{:?-03_ 1 255{! (k) 1 qr)j(k)) ]
3 J

where inelastic losses and finite core-hole lifetime are taken into account by a

phenomenogical term A ("mean free path”).

This last equation is usually referred to as the "EXAFS” formula and can hold only for high photoelectron kinetic
energies where the multiple-scattering series is usually rapidly convergent. Both single-scattering and plane-wave
approximation have been shown to be a too crude approximation for the interpretation of the EXAFS signal.
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MS signals vs structure

General features:

® The \n, signals are oscillating functions of the type:
(52) xn(k) = A(k, R)sin(kRy, + ¢(k, R))

where A and ¢ are smooth functions of k: and of the geometrical
parameters K. The relevant frequency of the signal is the path length
Ryp.

e The MS expansion has no simple relationship with the structure
(geometry): 2 terms probe the relative position of atoms () and 1,
\ 3 terms probe the positions of the atoms (), i and j. They are sensi-
tive to the two-particle and three-particle distribution respectively. For
Y 4 terms the situation becomes more complicated: a generic Ui j k0
path probes four-particle correlations, but special paths like 0:0k0 or
02720 and 02020 probe lower order correlations. In general at order
n, in xn there are paths involving all particle distributions from 2 to
n if v is even or from 3 to nu if n is odd.

@ £

.-"f """\-\.
o,
H'x
/ , BTne)
i A

0 = o — ,/’fl
o /]
s
e /
x‘l\\.ff"’"" —@ |
] .
\ [
\ a ’ - i
e e
4
H - (N LT 02
o |
, -
e o
H.l: !

High energy limit: it is obtained when only the first x 2 term is retained (single scaftering approximation). The
cross-section depends only on the two-particle distribution, but, even more important, the relation between

structure and signal can be expressed as a linear functional of the radial distribution function.
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The n-body expansion

A different approach to the solution of the XAS structural problem is based on a n-body decomposition of
the cross-section, which partially avoids the drawbacks related to the MS expansion. The main idea is to
reduce the dimension of the problem to the actual local physical quantities of interest, related to n-atom
properties where n << N (N being the number of atoms of the system).

Let us indicate, as usual, the photoabsorber with “0” and the surrounding atoms with 2, j, k... We define
as the n-atom cross-sections for increasing n the quantities:

o(0) = op: atomic cross-section;

o(0,7) cross-section of the structure including atoms 0 and i only;

o(0,1, j) cross-section of the structure including atoms 0, ¢ and j;

o(0,1, 3, k) cross-section of the structure including atoms 0O, 7, 7 and k.

In the MT approximation these cross-sections can be easily calculated using the appropriate number of
blocks in the (& and T" matrices.

The irreducible n-body cross-sections o (1) (0? 11, ...0p—1 ) can be defined inductively starting from
these quantities.

Forn = 2 it is the contribution due to the presence of a second atom i that is given by:
(1) a2 (0,i) = 0(0,i) — eV (0) = (0, i) — op.

This is the irreducible two-body cross-section
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n-body XAS cross-sections

® Forn = 3 the cross-section for atoms (), ¢ and j can be decomposed into: the photoabsorber
contribution, the two 0-1 and 0-] two-body contributions, and an irreducible three-body contribution, that is
given, by this definition as:

(2) J{B] (0:' ii .}) — J(O? T:‘J .}) o 0(2] (Dﬂ t) o J(E] (Orj) o J{I] (0)
® Similarly the 4-body contribution is given by:

o®(0,i,5, k) =0(0,i,5,k) —a®(0,i,5) — 3 (0,i, k) — 30, j, k)—
(3) —0(2)(0,i) —o(@(0,5) — @ (0,k) — (D (0).

® By induction, we can define the irreducible n-body contributions as:

D-(”)([j_g' jﬁ) — D'(U.i j...ﬂ) — Z U{ﬂ_lj (0 S(n_g))_
@ —22 oS e =3 0@ (0,9~ o (0)

Original refs.: Phys. Rev. B 52, 15122 and 15135 (1995)

where S(m ) indicates a choice of 1. elements among 1, 2...N — 1 and the sums are extended to all
possible choices.



The XAS n-body expansion (GnXAS)

#® On the other hand, the total cross-section for n atoms o (0, i, j...n) can be expanded in terms of the
irreducible n-body cross sections of lower order. A useful expansion is thus obtained:

o(0,4,J..., )_UD—I—ZJ(E) 01)—|—ZU{3) (0,4,7)+
(2,3)
() + Z 6{4)(013.7.?.: k) L +J(ﬂ)(0:‘i1ja---ﬁﬂ)'
(.7.k)

® The dimensionless quantities ’}r{”) = (™) / an, represent the irreducible n-body contributions to the

o(w)—op

- and we arrive to an equivalent expansion for the dimensionless
0

structural XAS term x (w) =

experimental structural signal  that differs substantially from the MS series:

x(0,7,7...,n) _Z’}’(E)(O i) + Z’}f(g)(ﬂ i,7)+
(2,7)

©) + 3 AM0i 5,k + o ™00, ., n).
(i,7.k)

Original refs.: Phys. Rev. B 52, 15122 and 15135 (1995)
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Convergence

To discuss the convergence of the expansion in -y (1) signals, let us consider the two series expansions of the

structural oscillation x (k):

(13) X(k)ZZXE—FZXB—I—Z}H—I—---—I—RES;”)

(14) () =37 £ 57 5® 37 4y Res(Y.

(n)

Assuming that the MS series is absolutely convergent, then the remainder Res,. ~ will satisfy the following
inequality:

(15) Resi =S i <Y il < .

1>71 1>M

The remainder of the -y series, for any given order, will contain a smaller number of \ terms with respect to the
remainder of the MS series, because many MS terms to any order are enclosed in the ~y. As a consequence

(18) Res{) = 3~ 7 < 34O < 3 il < os,

1T 1>=1 1T

and therefore also the series in the -y signals will be absolutely convergent.
e In general the rate of convergence of the series in the ~ signals is better (not worse) than
the rate of the \ series.

I LILLU - UY/ZUZ4 OSUITIVVUI VIl SYITILITUU Ul cauiauull fo o)



Irreducible n-body XAS signals

The irreducible n-body ~(™) signals are the central quantities in our approach, since they are
associated with well precise n-body arrangements of the atoms.

» A simple linear relationship between structure (expressed in terms of 2, 3, 4, ... n-body

distributions) and signal is obtained. The relationship contains a finite number of terms
if the system is finite (cluster).

# Due to mean free path effects, the higher order n-body terms are generally smaller
than the lower order ones, so that that convergence with few terms is expected.

® Low-order ~(™) signals can be easily calculated with different methods (within
GNXAS).

The corresponding MS expansion, pictorially depicted below, results:

(10) ~(2) (0,7) == 910 4 1900 | 0i0:0:0 , , 0i0i0i0:0 ,

Phys. Rev. B 52, 15122 (1995)
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Three-body signals

The MS series for (3) (0,4, j) can similarly be derived:

/@ =g IZ t[? t[:; g
(tn) 0 0 L

3
o0 0  Goi Goj to 0 0 G’D
(11) Z Gio 0 Gy 0 ¢ 0 ﬁ,éf] ﬁféﬁl‘,
n=1 Gio Gy 0 0 0 t; Lo.Lo

By performing the matrix product, terms of any order in the scattering containing all three
atoms 0,z and 5, or simply O and 7 or 0 and ; are obtained. These last two contributions are

however compensated exactly by the terms arising from the ~(2) signals appearing with

negative sign. As a consequence "y(?’) equals the sum of all possible MS signals involving

“all and only” 0,7 e 7 in any possible sequence. The lowest order terms are the 5 signals
corresponding to the sequences 0-i-5-0 and 0-;-i-0. Because of time reversal symmetry the
two signals coincide and only one of them can be considered with double degeneracy. This
obviously occurs for all the paths that, when reversed, generate a different sequence. The
sequences that are symmetric under inversion occur instead only once and have a single

degeneracy.
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Irreducible n-body XAS signals

Finally, applying the previous rules to the ~y (4) signal, which depends on the position of the atoms 0, 1, j, k, we
obtain:

»}r{ )_2( DzjkD+ Dtk_jD_'_ D.‘cz_jl}_l_ DszFcD_I_ Diﬂkjﬂ'_l_ DjD%kD+ D;;.'Dk:zl}_|_

0k0iz0 0k05:0 I}’Lj‘tk!ﬂ' Dtkijﬂ 07i7k0 Dj k340 D.‘czkjl}

+X5 + X3 + X

Okjki0

_|_
D'E.j ki0

+ X5

Djt.lch

+ +x + X -

(12) +xg7F 0 1+ x +x +xg RO -O(xa)---),

this contribution is important in some cases (especially when atoms are in a linear configurations, “focusing”
effect in three-body and four-body terms).
The expressions becomes rapidly more cumbersome as the body order 1 is increased.

It is important to realize that while the MS expansions for the ~y (") have a meaning only in the case that the

expansion relative to all the matrix inversions included in their definition converge (notice however that their
convergence requirements are in general different from that relative to the matrix inversion of the whole cluster),

the ,},{n] signals always exist and can be calculated using the exact inversion.

e The advantage of incorporating in a few ~(™) signals a large (infinite) number of MS terms is
evident from a practical point of view. Moreover, this is also very useful from the physical point
of view. Indeed different MS term are not independent if they involve scattering processes on
the same sets of atoms.

e ~(™) signals are, like the ., oscillating functions of the photoelectron wavevector modulus
k. They show a broad frequency spectrum whose dominant frequency is that associated with
the shortest path of the corresponding MS series.



n-body cluster analysis

For calculating a XAS signal associated with a given cluster it is necessary to identify the
relevant n-body configurations. Identification of configurations can be done assuming a
single photoabsorbing site (single photoabsorber or multiple atoms placed in equal positions
by rotation and translations), and can be generalized for multiple prototypical
photoabsorbers.

The irreducible n-body configurations around a given atom 0, and their multiplicities, are
identified by considering all the different arrangements involving couples of atoms (0, ),
triplets of atoms (0, 4, 7), quadruplets of atoms (0, 7, 7, k), .... . This can be done by
intfroducing a natural, rotationally invariant, set of distances and angles that is associated in

some unambiguous way to the configuration.
® In the case of a two-body configuration the only rotationally invariant coordinate is simply the distance R ;.

Rlﬂ

O—

e /n the case of a three-body configuration a convenient choice it is possible to use the two shortest distances
among Rg,i, RD? 4, and R,,;? j, and the angle in between. This choice is physically meaningful because the
shortest bonds are in general real chemical bonds and the angle in between is a real bond-angle.




4-body configurations are more complicated, indeed if one wishes to specify the geometry
using three distances and three angles there are already two choices: either the three bonds
are joined end by end forming a “chain” or they are bound to the same center, forming a
“star”. Criteria can be established, however, to make this choice unique. Again this variety
reflects the different physical situations encountered when parameterizing say linear
molecules or aggregates of atoms with a well defined center.

star 4-body conf.

chain 4-body conf.
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Multiple photoabsorbers

In a periodic structure (like a simple crystal) there will be an infinite number of equivalent
photoabsorbers, thus a given n-body arrangement may contain m atoms (with 1 < m < n)
of the photoabsorber atomic number.

This atomic configuration will give rise to m different (™) terms. In the m > 1 case the
signals will be generally different (apart from permutational symmetry) although associated
with the same geometrical structure. Moreover, they have a similar frequency and can be

described by the same structural parameters.
As a consequence, in the spirit of reducing the independent components of y(k), we define

the total ~ signals v as a the sum of all the related signals originating from the same
structural arrangements of atoms iy, ..., in with the photoabsorber placed in any
non-equivalent position:

(1;=0)
(17) ye (i1 iz, in) =Y Wiy, Perm(ix, (k # j)))

J

&.“5:\50+&9+A

'FIG. 3. Pictorial view of the definition of the total -+ signal for &
general triangular configuration of equivalent atoms.



n-body hierarch

There is a hierarchical relationships between different n-body configurations: a n-body
configuration contains several n» — m-body sub-configurations that are not independent.
This allows to reduce the number of n-body coordinates just to the independent ones.

For example, the inclusion of a distant coordination shell of atoms is associated with a new
two-body signals, but will also generate higher order signals involving the atoms of the inner
shells. Very often, it is physically meaningful to associate them in an effective shell signal,

denoted by r(™):

n—1
(18) B =M () + 3 A0
J=2

A typical example is the second shell contribution which usually gives rise to detectable
three-body signal. The three-body signal plus the two-body second shell signal will be in this

case the n(3) signal associated with the second shell.

oo - —0 - gy

FIG. 4. Pictorial view of the definition of the #*’ signal asso-
ciated with a typical distant (second) shell contribution.
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Ordering and selection of n-body signals

® Frequency. Each n-body structure is defined by a set of coordinates, by the types of the atoms in the
varfous positions, by the position of the photoabsorber, and by a characteristic dominant frequency, that is
the length of the shortest path involving all of the atoms in the configuration (roughly corresponding to the
position of the Fourier Transform peak).

® Ordering. This characteristic frequency allows to arrange the various n-body configurations in their
“natural order”. The most important configurations will be those associated with the lowest frequencies,
that is, the two-body first neighbor configuration with a length of 2Ry,. The most important three-body
configuration will be associated with a frequency not smaller than 3Ry, (equilateral triangle). In many
open systems the shortest three-body path is much longer.

B Selection. Any experimental signal will show a natural upper frequency cutoff R, limited by experimental
resolution or signal intensity, which will select automatically only a finite number of ni-body structures. In
particular also the order of maximum number of bodies involved will be limited, by frequency and intensity.
In the interpretation of the signal of a completely unknown structure it is possible to make an “a-priori”
selection of the relevant n-body configurations thus limiting considerably the number of unknowns.

In light of this cluster analysis we see that the XAS signal is actually dependent only on a limited number
of distribution functions (n body configurations) which can be easily identified and analysed.
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n-body structures for crystals

TABLE IV. Pair and triplet contributions in the diamond struc-
ture. The distances are reported in units of the nearest-neighbor
distance R, the angles are in degrees. The degeneracy (Deg.) is
specified for each configuration. The photoabsorber position for the
triplet configurations is also specified (Pos.). Position 1 corresponds TABLE VI. Pair and triplet contributions in the fcc structure.
to the vertex between the two short bonds, position 2 is at the end of The distances are reported in units of the nearest-neighbor distance
the first bond (with length R,) and position 3 is at the end of the R, the angles are in degrees. The degeneracy (Deg.) is specified for
second bond. each configuration. The photoabsorber position for the triplet con-
figurations is also specified (Pos.).

Peak R//R R,/R () Deg. Pos. Rpu/2R

Pair distribution Peak R,/R R,/R 8 (°) Deg. Pos.  Rpw/2R

1 1 4 1

) 1 1 12
2 26 12 1.633 5 ) p
3 1 12 1.915 3 V3
FV33 | A 2 12
4 4 & 6 2309 5 V5 24
3 3 ' _ 6 J6 8
5 1 12 2.517
el 1 1 1 60 24
1
6 2V2 I 2.828 1 1 90 12 1
7 3 16 3 24 3
8 4 12 3.266
> 6 - : : 3 1 1 120 24 1
3. . . . 48 2
Triplet distribution . 4 1 1 180 6 1
1 1 1 10047 6 1 1816 12 2
12 2 1.816 5 1 V2 90 24 1
2 1 2 90.00 24 2.274
76 . w3
24 2 2274 o
24 3 2274 6 1 V3 7322 48 1
3 2 2 60.00 24 1 2449 ' 24 3
E‘E 5\/3 : 7 1 N 13500 24 1
4 1 2 14474 12 1 2.575 24 2
ad 24 3
12 2 2575
12 3 2.575
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XAS relationship with atom distribution

Having defined the irreducible ’}f(”] MS signals, the general expression of the XAS structural term is given in
terms of the n-body distribution functions gn, (T) (r is a generic set of n-body coordinates):

(x(k)) = / dr 47r?p ga(r) v (r, k) + / dridradd 87°rirs sin(¢) p>g3(r1, 72, ¢)
0

xv3) (r1, 72, 6, k) +/dr1drgd¢dr3dﬁ 8m2rirars sin(¢) p2ga(r1, 2, b, 73,2)

(19) xv @ (r1, 72, ¢, 73,0, k) ---

The integrals, because of the short range nature of the Kernels ,},(n)’ are actually limited to a region of linear
dimensions of the order of few A . This is due to the strong electron interaction (mean free path).
This equation should be compared with the well known expression for the static structure factor (disordered

system) which can be measured by using x-ray or neutron diffraction:
47 =c
(20) S(k)y=1+ Tp / (g2(r) — 1)rsin(kr)dr.
¥ 0

The different nature of the Kernels, however, makes the structural information on the g2 (?) obtainable in the two
cases largely complementary (short vs. medium range information). Moreover, XAS can give information beyond

the pair distribution!
For crystals, where diffraction gives obviously a richer information about atomic positions, XAS provides unique

data about local correlated vibrations. . Filipponi, A. Di Gicco and C. R. Natoli, Phys. Rev. B 52, 15122 (1995 Nttp://gnxas.unicam.it



Peak-fitting of the pair distribution

Structural refinement of the raw data through MS calculation of the XAS cross section
(GNXAS — ~(™) signals, corresponding to ¢(™) distributions)

- the distance distribution is assumed to be a superposition of distinct peaks (“shells™)
whose parameters (IV,R,02,- - -) are fitted to the experimental data

- valid also for reconstructing the g(r) in simple [1] and binary [2] liquids introducing
physical constraints accounting for the density and the compressibility of the system

/‘ﬂ’ /\ 1o | solid KBr |~ Meeds:

\ ‘ : - Extension of the refinement scheme to

- Mot — hot solid . -
M multi-component systems and higher-order
X o= o7 iquid distributions
A, T = 1100 K
% __j - [ 1o - Model independent approach

1-KBr (T = 1100 K) - Simultaneous refinement of short and long-

[\ \b__//%ﬂ\__ range order (XAS+diffraction)

o —‘———g;;r;r . [1] A. Filipponi, Journal of Physics: CM 13, R23 (2001)
[2] Angela Trapananti and Andrea Di Cicco
Phys. Rev. B 70, 014101 (2004)

http://gnxas.unicamt




Configurational average

® The effect of configurational disorder or thermal vibrations can be easily calculated in the case of small
disorder, that is in the presence of a well defined (isolated) peak, not necessarily Gaussian, in the distribution
function. This includes the thermal broadening of molecular or crystalline peaks. It can be used to treat the case
of moderate structural disorder in glassy covalent systems but where the peaks are not any more well defined
(liquids) different average methods should be used.

e MS signals x n(k), n-body signals (1) (k) or effective shell signals n(m) (k) can be treated in the same
way. In all of these cases the signal, indicated generically by x (Fc) can be written in terms of the amplitude

A(k, r) and phase 1/(k, r) functions as
(21) x(k) = SA(k,r) expiv(k, r)] = Ak, r)sin[{(k, )]

where 1 indicates a set of geometrical coordinates which are sufficient to describe correctly the signal.
W(k,r) = kRy + &(k, ) (Rp is the dominant frequency) and A(k, r) are usually smooth functions of k., r.

o /I’ (?) is the normalized probability density describing a peak of the appropriate n-body distribution function
(configuration degeneracy, or CN for n. = 2, being a trivial multiplicative factor). Forn = 2,

P(r) = 4712 pga(r)
e The configurational average of the signal over the peak distribution function P (r) is given by:
2) (k) =S [ dra(k, v expli(k, ] P(r),
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Moderate disorder

Small disorder: P(r) has a maximum in position ro and decrease rapidly to 0 for strongly
distorted geometries. Amplitude and phase of the ~ signals can be calculated at the mean
value rm (rm = ro for a Gaussian distribution) using a Taylor series:

1
(23) A(k,r) = Ao(k,7)|r=0 + A1(k,7)|r=0 -7 + 5 (r, A2 (k,7)|r=07) + O(?'S)

1
(24) Yk, r) =vo(k,r)|lr=0 + Y1(k,7)|r=0 -7+ 5 (r, Y2 (k,7)|r=0r) + O(r°)

where A, (k,r)|r—0o (briefly A; in the following) are the ;' order derivatives with respect to

all of the geometrical coordinates calculated for the mean » value. A similar notation has
been used for the «» functions, they are in general symmetric tensors of rank j (» origin
translated to »,,).

Therefore, when such a low-order expansion is sufficient, we have:

(x(k)) = ﬁ/dr [AD + Ay T+ % (r, Aor) + O(TB)]

(25) exp (1 [tff*n + 11T+ % (7, tar) + O(?‘S)}) P(r).



Average of XAS signals

The average can be written isolating the lower order terms in amplitude and phase and writing the Taylor
expansion for the amplitude as a differential operator with respect to 11, which is the conjugated variables of 1

~ . 1 J 1 0 J a 3
(x(k)) = SAg exp(itho) [1 + Eﬂl "oer 249 (37,[)1 ; Ag 3—%) + ‘(-7"(6—7’[)1 ]
(26) /d?‘P(T) exp (i1 - 1) exp l% (r,par) + O(?"E)] :

This is the most general expression for the damping of structural signals which occurs in the XAS case: the initial
factors before the large square bracket represent the undamped signal, the rest is a complex corrective factor.
The amplitude expansion generates a differential operator, in square brackets, that acts on the last infegral term.
® The integral, neglecting the last exponential term, i.e. neglecting 1)o and the successive terms in the phase
expansion, is simply the characteristic function of the probability distribution IP (T] More specialized expressions
can be derived, for specific P(f‘) models and with the Taylor expansions truncated to some lower order.
e /n the limit of a delta function shaped P(T‘), the corrective factor tends to 1 irrespective of A1, Ao, 11, and
19, and (x(k)) equals the undamped signal.
e Special cases occur when a particular geometrical parameter has an extremum for the equilibrium
configuration. Then the corresponding first derivatives vanish and the first non-trivial term are the second order
derivatives. An example is given by a 3-atom collinear configuration described by a 180° bond angle. Clearly the
signal is affected in the same way by positive or negative angle displacements and therefore the Taylor expansion
must be even in the angular coordinate.
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Gaussian n-body distributions

A Gaussian n dimensional distribution can be written as:

1 1

27 P (r)dr =
=7 (A= G T? det(ari7?)

—(r, M1 'r)]

XEI}‘)[

When n = 1 we have a simple radial distribution and M — o2. Fora generic triplet distribution the covariance
matrix depends on six independent parameters

2 2 2

91 912 918
(28) M=|oiy 03 Jg,a
2 2 2

916 9286 Y0

where the suffix 1, 2, and 0 indicate first, second bond and angle respectively.
The diagonal parameters are the variances of the coordinates, while the off-diagonal terms express the correlation

between bond-bond or bond-angle vibrations. Since the matrix must be positive defined, it is useful to define
the dimensionless correlation parameters as p;; = ij A fﬂ'? D'_,?. that satisfy —1 < p < 1. In cases

of particular symmetries the number of independent parameters is reduced. For an isosceles triangle where
bonds 1 and 2 are equivalent J% = J% and p1 g = pa,g with four independent parameters. For an equilateral
triangle parameterized with the length of the three equivalent bonds as coordinates there are only two independent

quantities: bond variance J% and correlation py 1.



Gaussian disorder — simple limits

A simple analytical expression is obtained for a Gaussian distribution of a generic n-body
configuration:

29)(x(k)) :AD\/1 n [(ALJM, 775)1)} » EIP_(WLIELW))SE_H ["JJD n (A1, M, o,b1)]
Ao A4

and similar expressions can be obtained for non-gaussian distributions (example of the I

function.
® For a simple 2 term the usual EXAFS “Debye-Waller” like factor is recovered neglecting the r dependence in
@ and Aq:
Yo(k, ) ~ 2kR + ¢(k,7)
v1(k,r) ~ 2k
(1, M, 1) ~ k20>
(Ala ﬂ-{; ’i,bl) ~ 0
(30)
_ —(2k%0?)
(31) (xa2(k)) = Agexp sin [2kR + ¢(k, 7))
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XAS structural refinement strategy

#® The non-linear minimization is performed using the raw absorption data «( I~; ) including
noise (not the (%) or filtered data). The model absorption spectrum am (£;) thus
include background modelling: X

- 1 T T T T
20l - A “classic example”: B
' the SiCly gas-phase tetrahedral molecule |

(32) i (EzJ = ﬂbkg(Ez') + "J’emc(Ez') + [1 + XM(Ez')] "J’D(Ei)

ABS.

10 _

where S ]
ag(l;) = Joo(L;) is the atomic absorption coefficient o h\ ]

aprg(F;) 1s @ smooth polynomial background P I B
aexe(F;) accounts for multi-electron excitation channels E(eV)

# Simultaneous modelling of background and signal (y.. (F;)) significantly reduces the
introduction of systematic errors in the interpretation of the structural signal.

Same approach for multi-edge studies: e —
% o.cm:— .::_ ::: ]
= ] J g. ool RNWM 7

@) am(B) = aprg(Bi) + aeae(Be) + Y [L+xu(B)] eg(B) 4 | v
j:l §—n.ou— B
Phys. Rev. B 53, 6174 (1996), Phys. Rev. B, 62, 12001 (2000) S TSR

J. Phys. B, At. Mol. and Opt.%#)s. 25, 2309 (1992)
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Accuracy of XAS structure refinements: molecules

@ Single and multiple-edge XAS
refinements of gas-phase systems
(using MS simulations and and
peak-fitting) have been shown to
provide an accurate tool for
measuring the distance (and
angle) distributions

@ Results have been found to be

in agreement with electron
diffraction data

@Accuracy in average distance
determination can easily reach
0.002 Ang.

@®New information on bond and
angle distributions can be
obtained

Di Cicco -

| l . | : i ] T T T T 1 L I 1 1
| ! X 2 (H-lBr)
X g (Br—Br)
T
3
g = 7(3] (Br-B-Br)
~ & /\/\/\/\NWVV._
&
Total I 0.025
Residual
o
1 I 1 1 1 I | 1 L 1 L I 1 1 1
Lo s geeglln s s b agaalls
5 75 10 125 15 > w0 ° |
cS BBI"?,
2
® -9 (linear) (planar)

Phys. Rev. B 52, 15122 (1995) ) i
Journal of Chemical Physics 109, 5356 (1998)
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Accuracy of XAS structure refinements: crystals

XAS refinements of simple c-Ge300K T BV DAL DRLAT AN A
crystalline systems (using MS MNW/\W AN\ NN~
simulations and peak-fitting) can . 7% Bl P A
probe the short-range distribution AW . Breiaiy 007 S e
accurately ~ | — N A A . ., ‘/\’”‘; “
@ Structural results can enrich the - Y, e el R i ros MR ¥
information obtained by XRD/ND. = o 2| o mrosene B B A"
- Access to correlated vibrations 3| T [ oo 1y o TS e
(related to the phonon density of ‘"\IWV\WW T binet
states) N\ A
@ XAS provides direct and unique AN p S . o 308
information about the deviation from o S TN TP g K-edge
the harmonic approximation 5 10 15 20 —= ik

(gaussian distribution of distances) k (A7)

— T
AgBr WK 1

First—neighbor distribution

20—

| F +———+ Average distance
0.04 [~ 151

B aghr (R)
o

0.0z

T
ANAN

a
0.00 =44
fl

kx(k) (7

Ge (diamond) AgBr (rocksalt)

-0.02

= Phys. Rev. B, 62, 12001 (2000)

-0.04

FIG. 10. First-neighbor AgBr distribution as a function of tem-
perature. The average distance increases as a result of the thermal

k (K-t) H H expansion, while the most probable value and the foot of the distri- H
Il CICCO " bution shift toward shorter distances. ation PhyS Rev. B 52, 15135 (1995) 72



A look on “hew” developments ...

* XAFS measured by x-ray Raman scattering

* bulk-sensitive XAFS of light elements (like oxygen in water)

i
* This photon-in photon-out technique (low counting rate) is now readily £
i

availble (third generation synchrotrons) a

* High-quality XAFS at the O K-edge (543 eV) in water and ice measured

at APS (Argonne) at the ID18 undulator beamline (6.9-7.5 keV)

THE JOURNAL OF CHEMICAL PHYSICS 127, 174504 (2007)

Nearest-neighbor oxygen distances in liquid water and ice observed
by x-ray Raman based extended x-ray absorption fine structure

5 -
—_ 4 r
o
I —
o=t} \S_-f
= I g 3 ice EXAFS refin.
ﬁ r B =-=-- water EXAFS refin.
~ ol
X
1 RS
0 / ” S . X
25 3.0 3.5 4.0 4.5
r(A)

4. (Color online) Reconstructed RDF for water and ice based on re-

G. 2. (Color online) Comparison of x-ray Raman based k*(k) E>
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Ultrafast XAS at FELS

Ultrafast XAS measurements at FELS can pump/probe s s s e
(d ISO rd e red) m atter u n d e r eXtre m e/tran S I e ntlntel play of electron heating and lsafurable absorption in ultrafast extreme ultraviolet

RAPID COMMUNICATIONS

transmission of condensed matter

Condrtlons Lo by, oot ann & S SRR Sl e e Ve o i Sttt e

. Al (100 thin film, for EUV
Several shot-by-shot experiments were performed e K LN b A

using hard and soft x-ray at different facilities visible deviations due to saturation
and electron heating effects are

Challenging experiments and new experimental and measured
theoretical problems

LA B B B ) B S
expt. 37.0 eV
0.7 A- Satur. only ]
. -/ [ B-EL heat. only f/ T
© [ —— Synchrotron (BEAR) C-SatAEL heat ===/
—
S s © FELESTIMEX) 0.65 .
N ~
~— :
s Ti M, z-edge i
8 % 0.6 4
S
S © z 5 o0ss .
5 =% [ =
(40} I
o) S 05 k.. -
>
8 & s I 1] 045 L |
— B3V | a ’
g P p— o1 ::» E] -1:|um w0
0001 F Juence (Mo’ |
c . . | 113 ) MY R R SRR E——
3 0.01 0.1 1 10 100 001 01 1 10 100 1000
- Fluence (Ifem 2] Fluence (J.'“cmz)
(@)
E £ (eV) FIG. 4. Estimated electron temperature in the 100 nm thick i B o )
‘N Al thin film as a function of incoming fluence at different FIG. 3. Experimental EUV transmission data compared with
90 different calculations (see text). Curve A includes only op-

tical saturation phenomena without accounting for temper-
ature effects; curve B includes electron heating but neglects
saturation phenomena; curve O takes into account both elec-

Di Cicco - 09/2024 School on Synchrotron Radi: tron beating and saturation effects. 4



Conclusions

XAS technigues Advanced structural
available at SR refinement Is
facilities useful for performed using
short-range structure multiple-scattering
refinement. simulations (GNXAS)
Atom-selective and use Expecially useful for
possible under various disordered/ill-ordered
conditions (molecules, matter (liquids,
liquids, solids,interfaces, nanomaterials...) and
solutions...) also at low dilute systems also under

concentration extreme conditions
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