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X-ray diffraction
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How to see small objects

If we want to see things, we need light.

Depending on the object and the features we want to detail, the radiation must
be appropriately selected. Imaging is a vital tool in natural science, but until the
XIX century, the only light practicably usable for taking pictures of the objects
under investigation, was the light visible by human eye, and the only technique
to reconstruct a magnified image of a body was the optical microscopy.

The perspective changed disruptively after the discovery of X-rays at the end
of the XIX century. The higher energy of this radiation implied an
unprecedented penetration power that enabled to inspect the inside of objects.
Even more, the higher energy meant noticeably short wavelength and
therefore the ability to detail smaller particles and inspect that mysterious part
of the realm that was puzzling physicists at the turn of the century.

Weiss (1996) provocatively wrote that “if it were not for electrons, photons
would leave in a dreary world of nothingness”. Indeed, it is through interaction
between photons and electrons that we can do the observations and without B
this interaction photons would be “useless”.
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If we use visible light and a magnifying lens...

With an objective lens, we can
magnify 10-1000 times.

That’s not enough to see atoms!
What is the limit?

Back focal plane

Image plane
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Resolution Limit

minimal distance d _ 1.224  0.61] wavelength

that we can resolve =S 2 D :‘

numerical aperture

Intensities

Rayleigh criterion

Intensity
n — refraction index
of the medium
0 0
1223 12
D D =
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So we need the right wavelength.....

) E =energy
E=mc " =hv m = mass
h = Plank’s constant

Dualism particle/wave
v = frequency

h nh nc A = wavelength
/1 — — — ¢ = speed of light in vacuum
my mec ) v = speed of light in a medium
n = refraction index
E
H

\

We need a sufficiently high energy radiation:
X-ray or y-ray but also electrons
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What kind of lens....

In a conventional, optical microscope,
lenses uses refraction of light to focus
the rays and form the image

Refraction of Particles and Waves

Force Pulls
Particles

Whves// wg;sﬂgfs:ge

st )
Tpoa ot

From Medium
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But..... at high Energy, n= 1
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Electromagnetic lenses

B If the beam is charged, like a beam of electrons, one can
use magnetic fields to deflect their paths and obtain
e the same effect of a glass lens (though for a wavelength
> . that can be appropriate to see small objects)
e

Bl Transmission electron microscope
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Electron microscope

& By accelerating electrons to ca.
. o 50-300 kV, hypothetical
S S - & resolutions of less than 1 nm
are achievable

Electromagnetic lens

PROBLEM: electrons are
charged and therefore
extremely sensitive to particles
& along their path.
NZ High vacuum is necessary

If the object X
is a crystal

What is the back focal plane image?
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The coupling of waves

Constructive interference

3 -»>
\/\//\ Destructive interference
e : =

~r & /_\;:// =
@D »E=>
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Diffraction from one slit

Rays produce destructive interference if

dsind = nA

Everywhere else there is some non-destructive interference

)’:"\:\\Societa q
Wsishy 1e2tiene POLITECNICO MILANO 1863
‘\i“l:’( Sincrotrone Elettra Sincrotrone Trieste



Diffraction from two slits

These two rays produce constructive interference if

M r = (asind) = ni

\ \

_ |

. ‘\\&\\%\‘ ¢ \\\\\\\ Everywhere else there will be destructive interference
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Diffraction from two slits

(a)

Conditions imposed by the “\HHM \““HHM““\ “‘
slit separation I |-

-sina Ta 207a) 0 2(27a)  4Ala) i

-5(1/a) -3(A/a) -1(A/a) 1(A/a) 3(A/a) 5(A/a)

(b)
) g Diffraction from a single slit
Sl
BT TV 0 T47d) 2(7a) S
(c) |
o . AN =
'l‘ - Diffraction from two slits 7'" ' S
—sing — /_4(,1/5) = —él(A/a) 0 2(/11‘/;5 = 4(A/a)\ Sing :‘.

-3(4/a) -1(1/a) 1(A/a) 3(A/a)
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Diffraction images

If we take a metal slit with a micrometric aperture
and irradiate with a visible light (nanometric
wavelength ) we observe a scattering that depends
on:

a) Shape and size of the aperture

b) Wavelength of the radiation

If we take a slit with a periodic distribution of
apertures, the diffraction pattern depends also on

the lattice
POLITECNICO MILANO 1863
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Interference of waves

The analogy between X-ray and visible light is clear if we think of atoms like
“slits” or obstacles that deviate the waves with a specific “form factor”

If atoms are arranged periodically, then the diffraction pattern will resemble that
of a grid put in visible light

Suppose these are atoms
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Diffraction Images

Laser (0.5 um)

Laser (0.5 um)

Laser (0.5 um)

;i aoQ . . .
Slides with micrometric dots  Diffraction images
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Microscopy/Diffraction two sides of the same coin

Lens

Image
Diffraction image

Light

(ul
Ll

Laser (0.5 um)

10cm
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Microscopy/Diffraction two sides of the same coin

ens

With X-rays....

Diffraction image

Crystal
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Microscopy/Diffraction two sides of the same coin

In practice, we need:

a replacement
of the lens

a crystal
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What is a crystal?

A crystal is an anisotropic, homogeneous object, that possesses a three-dimensional
periodic order generated by the exact repetition of elementary bricks

»
»

representation Molecular Physical br "
distribution ysical properties

Gas / liquid
(indistinguishable

a»
Statistically above the critical point)
homogeneous

Kinetic energy of molecules

amorphous
) ) solids
isotropic
Periodically
homogeneous Crystalline state
anisotropic -
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The crystal structure

The crystal structure is the set of positions occupied by
regularly disposed atoms in an ideal crystal.




The crystal lattices

A lattice in the vector space V" is the set of all integral linear combinations
t = wa; +ua, + ... +ugag
of a system (a4, a,.... a;) of linearly independent vectors in V"
If k = n, i.e.if the linearly independent system is a basis of V", the lattice is often

called a full lattice. In crystallography, lattices are almost always full lattices, therefore
the attribute full is usually suppressed.
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The crystal lattices

Unit cell

Unit cell faces
Unit cell vectors




The crystal lattices

| - - & ' > > L_: _: = _.-\ —— |
. RPN s B Primitive unit cell
= | ! :' - o : = _:‘
| I I L g i i “ :
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The crystal lattices

Crystal System Lattice type Axis metrics  Angular metrics Centering type
Triclinic Triclinic Any a, b, c Anya, B,y None
Monoclinic Monoclinic Any a, b, c a=y=90° anyf3 A C, I
Orthorhombic Orthorhombic Any a, b, c a=pB=y=90° A B,C FI
Tetragonal Tetragonal a=Db,anyc a=pB=y=90° I
Trigonal Rhombohedral a=b=c a=B=y None
Hexagonal Hexagonal a=Db,anyc a=[p3=90°y=120° R
Cubic Cubic a=b=c a=pB=y=90° F, |

P

O Lattice node at unit cell vertex

C |.
% o o

°B

[ ]
% A e Lattice node at unit cell face centre
o /
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The crystal symmetries: 32 crystallographic point groups

Crystal system Schénflies Hermann-Mauguin (short)

Triclinic: no special direction [e. g. P1, PT) Triclinic g‘ -5 ;
L =
Cy 2
Monoclinie Cs=Cha m
M linic: - isthe linic plane; Con 2/ - H H
the 2-fold axis is parallel to b, which is the Dy 229 Hermann MauglJIn nOtatlon
only relevant direction (e.g. P2/m; Orthorhombic Csy mm2
extended symbol P12/m ) Doy, mmm 2T .
o ; ¢ = — n-fold rotation
S, 1 n
4
Orthorhombic: all directions a, b, « are Tet . gu‘ 44/;; .
relevant and non-equivalent (e.g. P2,2, ) SaRguEa 04 siris m m I rror
4v
Dog 42m
Dan 4/mmm H H H
Tetragonal: the four-fold axis is parallel to & 5 Tl/m mlrror perpend ICUIar tO rotatlon
¢, the other two relevant directions are = =
(=b) and the diagonal == (== ). (e.g. — z:“ =% 33 . .
ona
/) . i - nm mirror parallel to rotation
=a Dsq 3m
Trigonal/Hexagonal: the 3-fold or 6-fold axis is gs g Tl r0t0-| nve rSIOn
parallel to ¢, the other two relevant directions are C:'h 6/m
I and a (=h}. (e.g. P6;27}) " o )
exagonal Dyg 622
a Cey 6mm
b=a Dap 6m2
De, 6/mmm
Cubic: 4-fold axis is parallel to a, 3-fold axis is a iy 23
paraile!to body dlagnnal athtc, 2-fold axis is Th m3
I ce dia = {e.g. Fm3m) Cubic (@] 432
Ta A3m
b=a Oy, m3m
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The crystal symmetries: 32 crystallographic point groups

centrosymmetric
lattice type point group non-centrosymmetric point group
(Laue class)

Triclinic: no special direction [e. g. P1, PT)

achiral achiral compatible with chirality
M linic: = is the linic plane;
the 2-fold axis is parallel to b, which is the T -
only relevant direction (e.g. P2/m; Triclinic 1 1
extended symbol P12/m 1) Monoclinic Z/m m 2
Orthorhombic mmm mma2 222
Orthorhombic: all directions a, b, « are
relevant and non-equivalent (e.g. P2,2, ) 4/m 71' 4
Tetragonal 4m2
Tetragonal: the four-fold axis is parallel to 4/mmm 4mm 422
¢, the other two relevant directions are =
(=b) and the diagonal - (== ). [e.g.
14/mmim) —
Trigonal 3 3
=a —
Rhombohedral 3m 3m 32
Trigonal/Hexagonal: the 3-fold or 6-fold axis is
parallel to ¢, the other two relevant directions are
=1 and a (=h). (e.g. P632) 6/m 6 6
d —
b=a Hexagonal 62m
6/mmm emm 622
Cubic: 4-fold axis is paralle! to a, 3- fold axis is a
paraile!to body dlagnnal athtc, 2-fold axis is
rallel to face disgonal (e g. Fm3n ] m3 23
b=a Cubic —
m3m 43m 432
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The crystal symmetries: 230 crystallographic space groups

14 Bravais lattices 32 point group (crystal classes)
describe the combinations of Describe symmetry of the
translational vectors allowed in 3D periodic system as a whole object
V0% + symmetry elements including
il 7 . .
S < AT partial translations

@ @ ﬁ (glide planes and helical axes)

agol agol :E’g
IISimh';Ieb' -rt‘r:orhombi arthorhombi ;rtllorhomhic ()] o
orthorhombic o ic ol ic ﬂ H_E
@ ﬁ ﬁ @ 230 space groups F:
bt o “mmdee Describe completely the structure 20
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The crystal symmetries: 230 crystallographic space groups

infinite number of
crystal structures

230 space groups

O
o
L

32 crystal classes

(point groups)
14 Bravais lattices

11 Laue classes

7 lattice systems
7 crystal systems

6 crystal families

POLITECNICO MILANO 1863
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The crystal symmetries: 230 crystallographic space groups

Centered or primitive lattice \
P = primitive

A = face A (formed by b and c vectors) is centered
B = face B (formed by a and c vectors) is centered
C = face C (formed by a and b vectors) is centered

F = all faces are centered
| = body centered

Contracted form of the symmetry
along a specific directions
Sometime the space group symbol
is also contracted, removing
directions having only identity (for
example P2,/c (the extended
symbol would be P 1 2,/c 1)
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The crystal symmetries: properties

Neumann’s principle:

If a crystal structure is invariant with respect to certain symmetry
operations, any of its physical properties must also be invariant
with respect to the same symmetry operations.
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The crystal symmetries: properties

Crystal system Piezoelectric point groups Pyroelectric (polar) point groups
Triclinic 1 1

Monoclinic 2,m 2

Orthorhombic 222, mm2 222

Tetragonal 4, 4,422, 4mm, 42m 4, 4mm

Trigonal 3,32,3m 3,3m

Hexagonal 6, 6, 6mm, 622, 62m 6, 6mm

Cubic 23, 43m
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The crystal symmetries: diffraction
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lattice type

Triclinic
Monoclinic
Orthorhombic

Tetragonal

Trigonal
Rhombohedral

Hexagonal

Cubic

centrosymmetric

point group
(Laue class)

achiral

1
2/m

6/m

6/mmm

m3

m3m
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non-centrosymmetric point group

achiral compatible with chirality
1
m 2
mm2 222
4 4
4m2
422
4mm
3
3m 32
6 6
62m
622
6mm
23
43m 432



What is a crystal in X-ray diffraction experiments?

A crystal is like a magnifying tool that
enables the visualization of its microscopic
(sub-nanometric) constituents and the
enhancement of their properties




X-ray crystallography

There are two “crystallography”: before and after 1896

The revolution: in 1913 Bragg and von Laue determined crystals structures of NaCl,

KCI, KBr, KI, ZnS, Diamond etc. using the diffraction of X-rays produced by crystals.
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Interaction of X-rays with matter

@ A A @ M
L L L
W, Ve
ik
77 -& K @ K K

Photoelectric effect Fluorescence resonantinelastic scattering

K

Auger electron Elasticscattering resonant elastic scattering

o~
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The scattering

41tsin®
A

Q=1Ql =lk—Kol =

Momentum transfer

X photon, wavelength A, energy E

Thomson scattering
_ _ 1+ cos?(9)
- elastic scattering (E,-E’ = 0) mmmp 1+ 5 Io

« inelastic scattering (E,-E’ # 0) = A4 =——(1~ cos?)
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Compton scattering
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The momentum transfer: notations

symbol woduws | e

H=h=s—-sy,=(k—Kky)/2n 2sind /A

S=s—sy=(k—-Kky)/2n 2sind /A

o Y =/
S".S). allana
A

y Luce di
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Wave vectors for scattering and incident directions, respectively

Wave vectors for scattering and incident directions, respectively

Scattering vector (Bragg condition)
Scattering vector (general)

Scattering vector (typically used for small angle scattering or total scattering)

Scattering vector
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The atomic scattering

Iy = |fal? (atomic form factor)

one atom (n electrons)

The atomic form factor is the sum of the elastic contribution of all its electrons,
taking into account the different shapes of the electron clouds around an atom
(core/valence electrons, for example)
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The scattering of one atom

| |
Atomic form factor

f 6.0 -
1 >0 Carbon Fourier transform of the electron

401 density of an isolated atom

N; 25 30 p

2p
20 +-
Distance from nucleus (r) 1.0 °

0.0 , , sinB/A (A1)

. . . 0.00 0.50 1.00 1.50 2.00 f
atomic riadial electron 10 Form factor
density %007

| — —2miHr
f 20 otal fA (H) — j p(l‘) e dr
3d 200 Cobalt
15.0 - V
4s 10.0 A
5.0 -
° B ‘ " 2 0.0 | ' sinO/A (A7)
0.00 0.50 1.00 1.50 2.00
-5.0 -
l’\ ocie
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The scattering by N atoms

Interference function The waves generated by each atom produce This determines the phase, which is
interference because they are within the lost when measuring 1,(Q)

1Q) 1,(Q) coherence domain.
Y(s) = F2(Q) = N;Z @ The interference only depends on the relative/Y
position of the atoms (atomic distances)

and on the diffusive power of each atom
(atomic form factors).

1Q) = In(Q) _
N If all the diffusers (atoms) are randomly
Unit scattering power distributed the interference function y(s) is
1.0 (average between 0.0 in case of
‘S\N\' destructive interference and 2.0 in case of

constructive interference). This in case of
\\\» O% “ideal amorphous”.

L(Q) = A
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The scattering by N atoms

4f2

Diatomic molecule, assuming
point charge atoms instead of
effective atomic density

2
2t “real” N,

f2

one isolated N i .
two non-interfering N

§ )":'":\‘\Soci'eta q
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Diffraction from crystals

Infinite Periodic crystals

von Laue described the X-ray diffraction of crystals by modelling a crystal as a combination of three

one-dimensional atomic nets.
In order to avoid destructive interference it is necessary that all pairs

of atom have constructive interference.
This means that the waves diffused by any two atoms have a phase

difference of 0 + nA

r'-r=acos(0)-acos(p)=hA

r'-r=a.(S-Sp)=hA

Extending in three dimensions, diffraction occurs when the difference between scattered and incident wave
vectors satisfies the condition along each of the three directions, thus with a “triplet” of integers (h, k, |)
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Diffraction from crystals

A different viewpoint of the same phenomenon is given by Bragg. Diffraction is regarded as a simple reflection of the photon on a given surface of
the crystal. However, we must consider that the X-ray beam “penetrates” the surface and therefore contribution from inner layers must also be

accounted for.

r+r=
d, sin(8) + d,sin(6) =n A

A 4

i (100) Plane , (10} Plane , (1M Pne
! i =7
= B \_{

"%_” n 7\4 - 2 dhk|Sine

[11]
Direction

ey s v
1 7 B 1

1 1
[100] Direction o [110] Direction

Miller indexes

N
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Diffraction from crystals

' Imaginary part

5 A= A,e"5
O (distance from
T the origin)

amplitude

—

Real part

%%

Resulting wave amplitude

k -,/lw)
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Polyatomic system

AN
O r\/\/\/\l'
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q
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Periodic system
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The reciprocal space

We need a simplified way to handle planes in order to describe
diffraction phenomena from crystals (having in mind Bragg formalism)
and predict diffraction conditions

A family of planes can be simply represented by its normal

d*
\ hkl

‘ A reciprocal lattice vector

d* is perpendicular to a
plane and its length is
inversely proportional to
e—o e o o o oo d,, spacing

nA=2d,,sin0 === n)/2d.,=sin0

feos) iiian: q POLITECNICO MILANO 1863
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The reciprocal space

Conditions:
A vector in reciprocal space
represent a plane in direct space a-a*=10 b-a*=00 c-a*=0.0
" a-b*=00 b-b*=10 c-b*=0.0
<100> a-c*=00 b-c*=00 c-c*=1.0
It follows that: V=1/Vv*
3 (001)
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The Ewald sphere

\

/

e

' Origin of
reciprocal lattice

A virtual construction to predict the necessary orientation a crystal
must assume to give diffraction from a given family of planes
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The Ewald sphere: Bragg technique
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The Ewald sphere: Bragg technique
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The Ewald sphere: Laue technique

[ >

\

N

-

\
\

’

,/

-
-
-
-

1/

-
: POLITECNICO MILANO 1863

Elettra Sincrotrone Trieste



The “lens”

Lens

Fourier Transformation

Diffraction

Crystal Reconstruction

X-ray

F(H) = fp(r)e‘z’”:Hr dr

: 1 : 1 :
p(l‘) — jF(H)eZ’”Hr dH = VZ F(H)eZer =VZ|F(H)|627WP(H)€2” Hr
H H
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The phase problem

L v & B

T Fr 1 J

— v
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Phasing the reflections is the main problem
of a crystal structure solution

1 : .
p(l‘) — VZ'F(H) |621tl<pHeZer
H
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The truncation problem

The series termination and
data incompleteness is
also a problem

[~

1 . .
p(l‘) — Vle(H)leZm(pHeZer
H
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The diffracted intensity

N sample volume = .. . . .
incident beam extinction coefficient , absorption coefficient

/

Imeas(Hpxr) = lyVR(Hpi))yA(1+ @) + ) pplovQ(Hy,) + B

m .. .
multiple scattering

TDS

coefficient v
background

AB
R(Hppt) + vz Foragg Hak)

structure factor

> F(Hhkl) = jﬁ(r) eXp(ZTl'iHr)dr

| l F(Hya)~ ) i expCmitnyi @)

unit cell Scattering A atomic displacement
volume vector atomic form tactor (temperature dependent)
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Ideal, real, twin and powder crystals
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Ideal single Crystal R_eal (imperfet.:t)
(perfect, without boundaries) ~ Single crgst?clj. , A powder sample
compose 3_ Oﬂﬁ'ns _ consists of several (small)
(app.rox. radius cm); The twinned crystal consist of real crystals (separated
The ideally imperfect crystal 1,516 than one real crystals fused from each other)
has a statistically distributed in a single particle
mosaicity (intergrowth or contact twins are

possible

POLITECNICO MILANO 1863

l‘\
I\, societa
'{ ‘.Italiana

\~\S"'S)‘( Luce di
\\“l[’ Sincrotrone Elettra Sincrotrone Trieste




Diffraction from real single crystals

------

-------

?

__'
]
]
]

ooooooooooooooo

......

POLITECNICO MILANO 1863

'r-———_
|
|
L—————_q

T

Single crystal

The mosaicity causes the
broadening of diffraction spots
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Diffraction from twin crystals
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Diffraction from powders




Diffraction from powders

Diffraction rings
instead of
diffraction spots
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Laboratory single crystal diffractometer

\

u)/c rystal
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Large scale source diffractometer

Brighter sources
Tunable radiation energies

Micro-focusing
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How to solve a crystal structure?
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We want to obtain this
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How to solve a crystal structure?

X We measure this

We cannot measure this

We want to determine these
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How to solve a crystal structure?

Screening of crystals Collection of few Data Collection of a full set of
and analysis of linear diffraction images to reflection intensities; Laue class;
optical properties detect lattice parameters Space group determination

(least squares) Refinement of a
structural model

Structure solution: Patterson or Direct
methods (or other methods)

1 .
p() = 7 ) [F(H)|?™ vrre?mifi
H

N
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The structural model

Using structure solution methods like Direct methods or Patterson method
combined with Fourier synthesis we are able to get an approximate model
for a crystal structure.

This model consists of the fractional coordinates x, y, z of each atom in the

unit cell, at which its spherical electron density distribution is centered, X, Y,z
and a description of the movement of the atom about its mean position as

a harmonic oscillator characterized by the displacement parameters wu;;.

Ugr Uiz Uss d
Based on this model we may calculate the structure factors F,,,;.,(H) U1 Uzz Uz
associated to each scattering vector H as Uz1 U3y U3z

FH) = ) fn(H) exp( 2miH - 1) Ty (HD)
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The structural model

The term T; accounts for the fact that the scattering of an atom at rest is affected by its thermally
induced motion about its mean position.

For an anisotropic motion T; becomes more complicated U
1

2HTw,,H

Ty (H) = e 2"

The anisotropic displacement parameters (ADP) u;; are the elements of a

symmetrical tensor, i.e. a quantity which is defined by the length and direction of C
three mutually perpendicular vectors. It is usual graphical representation is a so-
called vibration or displacement ellipsoid with the three principal axes U,, U, and Us,.

b
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Friedel’s law and its violation

|[F(H)|? = F(H)F*(H) = (fp(r) exp( 2miH - r)dr> (jp(r) exp( — 2miH - r)dr> = |F(—H)|?

Friedel, G. (1913). C.R. Acad. Sci. Paris, 157, 1533-1536

A A fatom(H, w) = faotom(H) +Af'(H, w) +iAf"(H, w)
0 om(H i
fatom( ) @ 4‘/‘\’ . : I\|\:I
Q, 4t
fox N L
Elastic scattering (p (p
S H _
_(p - —H d K
/;? /0/’ |(pH| * |(p_H| resonant elastic scattering
0;72 A
0 (\’7) Vs\ fatom(H) * fatom(_H)
fatom(_H)

Electronic contribution and resonant electron
Friedel’s law is not valid
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Without considering the frequency of the X-rays
Friedel’s law is valid
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The structural model: refinement

The model coming out from structure solution, as already mentioned, is approximate. How could we improve it?
In crystallography this model is improved by the so-called least squares technique.

We may calculate from our approximate model the intensities I,,,,4¢;

1
Imodel(H) = E (Fmodel(H))z

The scale factor k is needed to scale our model intensities to the measured intensities which depend on many things
as e.g. the volume of the crystal.

The quantity which we minimize in least squares is S, the sum over all weighted squared deviations between
Iobs and Imodel

. 2
SEH: w(H) !Iobs(H) % |Fmodel(H)|2] w(H) = o2(I(H))
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The structural model: refinement

The function S(model parameters) is a complicated hyper surface in n-
dimensional space, where n = number of parameters. It has an absolute
minimum, which corresponds to the best solution, and many relative

minima. If our structure model is far away from the correct solution, our S
shifts in the parameters will be big and thus the linear approximation will

not be valid anymore.

One possible consequence of this is that we may end up in a false
relative minimum. We somehow have to find a better model.

Another possible consequence is that our refinement never goes to a
minimum but keeps jumping around in hyperspace, possibly with
increasing parameter shifts: The refinement does not converge or even
explodes.

In such a situation it may help to damp the parameter shifts

As shifts will be small for high damping we have to calculate much more _
least squares cycles to eventually reach convergence. {x;} (variables of the model)
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Model quality measurement

The goodness of fit (GOF or GOOF) is the variance of an observation of unit weight

Go.p.= 2 vulFops — FE)"
Nops — Npar

Its expectation value is 1.0.

G.o.F. should be close to 1 for all reflections grouped either in ranges of resolution or in ranges of F2

Yu wn(F2ys — F2)?
WR, = 2 )2
ZH WH(Fobs)

Typical values for wR, are 0.1+/-0.09
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Model quality measurement

Another often used quality measure is

_ ZH“Fol T |Fc||
2 lFol

1

R, does not have any relation to the theory of least squares and has a not
well defined relation to statistical theory.

As a rule of thumb: wR, ~ 2 R,

Other criteria:

WR, >> R;,,; - model probably not complete

Rint >> WR, : model may be over-parameterised
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Beyond conventional models: visualization of the

chemical bond throu h the deformation densit

‘. Comparative X-Ray and Neutron Diffraction
Eggg“ Study of Bonding Effects in s-Triazine
i _
agg;ag \Q Abstract, X-ray and neutron-diffraction data were combined for study of devia-
g?fé,almg§n : ?\ tions from spherical symmetry of the atomic charge distributions in the small
%g%%%{] S| | erganic molecule s-triazine. The results indicate that density has migrated from
\.\Q the atomic regions into the bonds and into the nitrogen lone-pair region. Refine-
Eég%ﬁ’&qh L ment procedures for x-ray data, which do not take these bonding effects into
4 RN account, give parameters containing small but measurable errors.
D
~ T
\ &
h 1 ikr
A,D(l‘) = V K<k (FX—ray,obs (k) 1 Fcalc,spher (k))e
(O NITROGEN =tmax \
O CARBON
Coppens, P. Science, 1967, 158, 1577-1579. Based onh a model reﬁned
from neutron diffraction
T L= POLITECNICO MILANO 1863
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Beyond conventional models:

The multipolar model

Conventional crystal structure refinement

Nat €
unit cell

Punit cell(r) = Pi (l‘ - ri)
m=1

Atom centred multipolar expansion with adjustable coefficients against Bragg intensities

lmax
— 3 3
pi(r) = Pi,core (I‘) + Pi,valKi,valencepi,valence(Kr) + z =0 [K,i Ri,l(Kl,r) E 0 lPi,lmiylmi (T/T')
=0, m=0,

l Nat

FEIOP 0 — Y fi0e™®  —— F) — 100+ FQP
i=1

Pi deformation—val (r)

Kurki-Suonio K., Meisalo V. J. Phys. Soc. Jap. 1966, 21, 122-126. Stewart R. F. Acta Cryst.,1976, A32, 565-574. Hirshfeld F. L. Isr. J. Chem. 1977, 16, 226-229. Hansen NK, Coppens P. Acta Cryst. 1978, A34, 909-921.
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Beyond conventional models:

The multipolar model

A d = space resolution

Resolution d=

2sin9 A2 X-ray wavelength

Molecular
structure

Chemical
Bonding

An Enzyme consisting
of amino acids
(N-methyl histidine)

)’:'":\\ Societa
'45".5" Italiana
\‘\ ‘

b

L-Histidinium cation in a oxalate salt Deformation density of the L-Histidinium cation
2 e/A% isosurface blue-positive, orange -negative; 0.12e/A3 isosurface
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Beyond conventional models:

Wavefunctions from X-ray diffraction

Wavefunction models: a molecular wavefunctions
X-ray Determination adjusted to reproduce the measured X-ray diffraction

of Electron

Distribution 2

Hy=Ey  p®)+|w(r)

Approximated Hamiltonian (e.g. Hartree-Fock)

[:[HFWHF _ El//HF

Richard J. Weiss
(1923-2008)

Perturbative approach
Weiss RJ. X-ray determination of Electron Distributions. North- A A
Holland Publishing Company. Amsterdam. 1966. H _ HHF 4
err=X-ray—HF
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Beyond conventional models:

Wavefunctions from X-ray diffraction

Wavefunction models: a molecular wavefunctions adjusted
to reproduce close enough the measured X-ray diffraction

Jayatilaka D. Phys. Rev. Lett. 1998, 80, 798-801.
Joxr = Lxg J=H[Y° + 2(x2[y°] — B)

Flg)_ Xra)|

f
~ N, —N, Z X—ray)]

Dylan Jayatilaka
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Density matrix from X-ray diffraction experiments.
N-representability problem
Clinton W, Massa L. Phys. Rev. Left. 1972, 29, 1363-1366.

Density matrix models: Refinement of atomic
expansion against Compton profiles

r'r'r)= Z L (r',r)+ ZFab (r',r)

Gillet J-M. Acta Cryst. 2007, A63, 234-238.

Jean Michel Gillet Lou Massa William L. Clinton
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Powder X-ray diffraction

26 X-ray Detector
/— X-ray Line Source d

Receiving Slit

Equatorial Divergence Slit

Goniometer Rotation Axes
o— Powder Sample
i

S W

Bragg-Brentano Geometry
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Powder X-ray diffraction: the diffractogram

29(1),d,Q,H

. , it e Peak positions depend on the lattice metrics
L - Peak intensities depend on FZ(so, on the crystal structure)

Peak size/shape/anisotropy depend on the crystallites
P YT ="
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Powder X-ray diffraction: crystallite size

Powder Diffraction is sensitive to size and shape of crystallites, not particles

B(29) =

L cosV Crystallite (grain) — homogeneous
I'y diffracting portion
FWHM
’,\\QE\\\
> 29 ,’;’
%7 Particles — agglomerates
B(29) = FWHM at 2 of 1 or more crystallites

A = wavelength
L crystallite size
K shape dependent factor (=0.94 for cubes)
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Powder X-ray diffraction: crystallite shape

[] ‘ anisotropic crystallites
lead to anisotropic peak
broadening

20

POLITECNICO MILANO 1863

=/

Elettra Sincrotrone Trieste




Powder X-ray diffraction: strain

Crystal lattice Diffraction line

IR 2 (o % S

No strain

Uniform strain

! :

Non-uniform strain
from https://myscope.training/XRD_Factors_effecting_peak_width
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Synchrotron or lab?

Home machines Large scale facilities

SOURCE

Usage depends on need
Don’t commute by plane
Don’t cross the ocean by car

= Available Everyday ® |essavailable Book in advance (long wait)

* |mmediate Queue sometimes ®* Remote Go to the place

= Stable Gets you there = Unknown You are not the pilot
= Known You know how to use it

= Share If you want

From N. Casati, Powder X-ray Diffraction
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Take home message

e Diffraction is the other side of the coin of microscopy

» X-ray diffraction is the manifestation of the elastic scattering of photons by
electrons of periodically ordered (crystalline) solids

* The result of X-ray diffraction is not a direct image of the inner structure of the
material. The outcome is a model, with parameters refined in order to minimize
the discrepancies with respect to observations.

* The model can go well beyond the simple positions of atoms in the structure. One
can refine the average distribution of electrons or even compute a wavefunction
restrained to the experimental observations.
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