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Control design and implementation pipelines

“Classical” approach

ImplementationControl
designModel

Physics

Signal
data
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Motivations

Why might we be interested in using data-driven approaches?

ImplementationControl
design

Signal
data

The Push

§ Model structure decisions?

§ Selecting the identification method(s)?

§ How to include the physics?

§ Incompatible design and simulation
domains?

The Pull

§ Increasing availability of data

§ Bypass modeling considerations
(data determines model)

§ Potential to adapt the design to new data

§ Automate (semi-automate) design process
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Outline

§ Hankel matrix representations (Signal Matrix Models)

§ Model predictive control

§ Willems’ lemma (noise-free model data)

§ Data enabled predictive control (DeePC) and variants

§ Causal SMM formulation
§ Causal separation: initial condition estimation plus future prediction

§ Subspace predictive control

§ Illustrative example (747 pitch control) with noisy model data.

§ Dynamic disturbance in the data

§ SMM-based predictors & Kalman filtering

§ Data-driven innovations-based predictors.

§ Closing comments and recommendations
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Model predictive control: optimisation-based implementation

Conceptual description: succesively planning the next control input sequence

1. Optimise over a length-Tf horizon into the future.

minimise
u,y

Tf´1
ÿ

k“0

Jcostpu, yq ÐÝ Cost function over length-Tf horizon

subject to: u and y satisfying the dynamic model of the system

u P U , y P Y ÐÝ Operational constraints

2. Implement the first step of the optimal u trajectory.

3. At the next time step collect new measurements.

4. Repeat step 1.
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Model predictive control
t “ tk horizon = Tf

input: u

time index
tk tk`M

upk|kq

t “ tk horizon = Tf
input: u

time index
tk tk`M

upkq

t “ tk`1 horizon = Tf
input: u

time index
tk tk`1 tk`1`M

upk ` 1|k ` 1q
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Models: linear time-invariant systems (time-domain)

Pulse response

ypkq “

8
ÿ

i“0

gpiqupk ´ iq

Real-rational transfer functions

G “
Bpzq

Apzq
“

b1z
n´1 ` b2z

n´2 ` . . . bmzn´m

zn ` a1zn´1 ` a2zn´2 ` . . . an

“
b1z

´1 ` b2z
´2 ` . . . bmz´m

1 ` a1z´1 ` a2z´2 ` . . . anz´n

State-space representations

xpk ` 1q “ Axpkq ` Bupkq

ypkq “ Cxpkq ` Dupkq

G
upkqypkq
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Indirect “data-driven” formulation

Willems’ fundamental lemma (assumptions on dimension and rank) 1 2

Given a sufficiently exciting input-output data, tupkq, ypkqu, k “ 0, . . . ,K ´ 1,
Define,

Hu “

»

—

—

—

–

up1q up2q ¨ ¨ ¨ upMq

up2q up3q ¨ ¨ ¨ upM ` 1q

...
...

...
upT q upT ` 1q ¨ ¨ ¨ upK ´ 1q

fi

ffi

ffi

ffi

fl

and Hy “

»

—

—

—

–

yp1q yp2q ¨ ¨ ¨ ypMq

yp2q yp3q ¨ ¨ ¨ ypM ` 1q

...
...

...
ypT q ypT ` 1q ¨ ¨ ¨ ypK ´ 1q

fi

ffi

ffi

ffi

fl

.

Then u, y is a length T input-output trajectory of the system if and only if there exists g such
that,

„

u
y

ȷ

“

„

Hu

Hy

ȷ

g. Note:

„

Hu

Hy

ȷ

has more columns than rows, and is low rank.

1Willems, Rapisarda, Markovsky, De Moor, SCL, 2005.
2De Persis & Tesi, TAC, 2019.
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Prediction directly from data matrices (Signal Matrix Models)

Using data as a model3

Split signals and Hankel data matrices into past and future (T “ Tp ` Tf).

u “

„

up

uf

ȷ

Ð length Tp

Ð length Tf

*

length T. y “

„

yp
yf

ȷ

, Hu “

„

Hup

Huf

ȷ

, Hy “

„

Hyp

Hyf

ȷ

,

Output prediction, yf

Given past data, up & yp, and a future input uf we can calculate yf by finding any g solving,

»

—

—

–

up

uf

yp
yf

fi

ffi

ffi

fl

“

»

—

—

–

Hup

Huf

Hyp

Hyf

fi

ffi

ffi

fl

g. One solution: g “

»

–

Hup

Huf

Hyp

fi

fl

: »

–

up

uf

yp

fi

fl , yf “ Hyf g.

3Markovsky & Rapisarda, IJC, 2008.
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Data-driven control

Model predictive control

Control objective:

minimise
g,uf,yf

pyf ´ rqTQpyf ´ rq ` uf
TRuf

T

subject to:

»

—

—

–

up

uf

yp
yf

fi

ffi

ffi

fl

“

»

—

—

–

Hup

Huf

Hyp

Hyf

fi

ffi

ffi

fl

g, uf P U , yf P Y. ÐÝ
Matches initial conditions
Predicts yf as a function of uf
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Data-driven control

Model predictive control (DeePC)4

Control objective:

minimise
g,uf,yf,σy

pyf ´ rqTQpyf ´ rq ` uf
TRuf

T ` λy}σy} ` λg}g}

subject to:

»

—

—

–

up

uf

yp ` σy

yf

fi

ffi

ffi

fl

“

»

—

—

–

Hup

Huf

Hyp

Hyf

fi

ffi

ffi

fl

g, uf P U , yf P Y.

Similar data-driven methods:
γ-DDPC,5 Generalized data predictive control (GDPC).6

4Coulson, Lygeros, Dörfler, ECC, 2019.
5Breschi, Chiuso, Formentin, Automatica, 2023
6Lazar & Verheijen, Mathematics, 2023
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Data-driven control

Signal data sources:

§ High fidelity simulation (digital twin)? (Ideal)

§ Dedicated experiment? (Noisy. Experiment design minimises problems)

§ Operational or historical data? (Noisy. Persistency of excitation problems)

Noisy model data
Noisy data in Hy (or Hu) can be problematic.

„

Hu

Hy

ȷ

becomes full rank so

„

up

yp

ȷ

“

„

Hup

Hyp

ȷ

g does not constrain g.

§ Regularisation becomes more important for DeePC/γ-DDPC/GDPC7.

§ Maximum likelihood estimation of g is an alternative8.

7Mattsson & Schön, IFAC WC, 2023
8Yin, Iannelli, Smith, IEEE TAC, 2022
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Decoupling the initial condition estimation and the control

A causal decoupling

»

—

—

–

up

uf

yp
yf

fi

ffi

ffi

fl

“

»

—

—

–

Hup

Huf

Hyp

Hyf

fi

ffi

ffi

fl

g ÐÑ

»

—

—

–

up

uf

yp
yf

fi

ffi

ffi

fl

“

»

—

—

–

Hup

Huf

Hyp

Hyf

fi

ffi

ffi

fl

pgp ` gfq with gp K gf.

gp gives the best match to the observed past data, up, yp.

gf matches a desired output, yf, with the required input, uf.

Key point: gf does not affect up or yp.

so now: gp is chosen to match the initial conditions.

gf is chosen to satisfy a control objective.
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Predictive control

Exploiting the causal decoupling

Control problem:

minimise
gp,gf,uf,yf

pyf ´ rqTQpyf ´ rq ` uf
TRuf

subject to:

„

up

yp

ȷ

“

„

Hup

Hyp

ȷ

gp (1)

„

uf

yf

ȷ

“

„

Huf

Hyf

ȷ

pgp ` gfq , uf P U , yf P Y.

In the noisy measurement case we solve constraint (1) in a least-squares sense.
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Matching the past data

A more parsimonious representation9

Consider the past signals.

Hyup “

„

Hup

Hyp

ȷ

and, via a QR decompositon, Hyup “

«

Lup 0 0

Lyup Lyp 0

ff

»

—

–

QT
up

QT
yp

QT
np

fi

ffi

fl

,

(Lup and Lyp are lower triangular)

Given up and yp we can solve,

„

up

yp

ȷ

“

„

Hup

Hyp

ȷ

gp “

„

Lup 0
Lyup Lyp

ȷ „

xu

xy

ȷ

. Here gp “
“

Qup Qyp

‰

„

xu

xy

ȷ

.

9Smith, Abdalmoaty, Yin, CDC, 2024a
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Predicting the future data

Parametrise the future responses within the null-space of the past.

Using an LQ decomposition, HyufQnp “ LfQ
T
f “

„

Luf 0
Lyf 0

ȷ

«

QT
yuf

QT
nf

ff

,

Given a future input uf, the variable z solving

uf “ Luf z uniquely determines the causal response, yf “ Lyf z.

A smaller decomposition for Willems’ lemma

»

—

—

–

up

yp
uf

yf

fi

ffi

ffi

fl

“

»

—

—

–

Lup 0 0
Lyup Lyp 0
Suu Suy Luf

Syu Syy Lyf

fi

ffi

ffi

fl

»

–

xu

xy

z

fi

fl , where

„

Suu Suy

Syu Syy

ȷ

“

„

Huf

Hyf

ȷ

“

Qup Qyp

‰

.
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Predictive controller basis
Noisy past data: ypkq “ ypkq ` vpkq, vpkq „ N p0,Σvq.

A solution algorithm

1. Calculate xu via xu “ L´1
up up.

2. Estimate x̂y via x̂y “
`

LT
ypΣ

´1
v Lyp

˘´1
LT
ypΣ

´1
v pyp ´ Lyupxuq. (LS estimate)

3. Calculate ẑ via, ẑ “ L´1
uf puf ´ Suuxu ´ Suyx̂yq.

4. Predict ŷf via, ŷf “ Syuxu ` Syyx̂y ` Lyfẑ.

Properties (noise-free modeling data)

§ If v “ 0 then ŷf “ yf (correct)

§ ŷf is unbiased.

§ Covariance of ŷf is
`

Syy ` LyfL
´1
uf Suy

˘ `

LT
ypΣ

´1
v Lyp

˘´1 `

Syy ` LyfL
´1
uf Suy

˘T
.

§ ŷf is linear in past data, up, yp, and the variables xu, xy, z, and uf.
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Predictive controller

Control problem:

Given immediate past data vectors, up, yp,

minimise
uf,yf

pyf ´ rqTQpyf ´ rq ` uf
TRuf

subject to: yf “ X1 up ` X2 yp ` X3 uf, uf P U , yf P Y.

This idea is essentially equivalent to subspace predictive control10.

10Favoreel, De Moor, Gevers, IFAC WC, 1999
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A flight control example11

Aircraft longitudinal dynamics: Boeing 747

xb

zb

δe

Feng

xw

L (lift)

D (drag)

α

xh

zh

mg

θ
M (pitch moment)

Actuation inputs: u1: throttle
u2: elevator angle

Measured outputs: y1: velocity (body axis)
y2: climb rate.

Nominal model is a 4 state system.

11Verheijen, Breschi, Lazar, Ann. Rev. Ctrl, 2023
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A flight control example

Modeling data and control problem
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Modeling experiment data (outputs)

y1: velocity
y2: climb rate

Model data experiment: 2500 data
points (250 seconds).

Past horizon: Tp “ 30 (3 sec.)

Future horizon: Tf “ 20 (2 sec.)

Noisy model data

30 Monte Carlo runs.

Control experiment:
10 ft/sec. velocity step.
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A flight control example (n4sid corrected)

Step response simulation: comparison classical vs. data-driven
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y1: velocity
y2: climb rate

Classical methods: subspace identification (N4SID), Kalman filter, state-space MPC.

Data driven: Regularised data-driven (γ-DDPC, GDPC) and Signal Matrix Model based MPC.
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A flight control example (n4sid corrected)

Step response simulation: Monte Carlo statistics
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Classical methods: subspace identification (N4SID), Kalman filter, state-space MPC.

Data driven: Regularised data-driven (γ-DDPC, GDPC) and Signal Matrix Model based MPC.
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What could possibly go wrong?

Turbulence! (Dryden gust model — 3 states)
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Turbulence, horizontal and vertical components

horizontal: wu

vertical: ww

How does the aircraft respond?
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Process disturbance: turbulence

Uncontrolled turbulence response
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Aircraft gust response (uncontrolled)

y1 velocity
y2 climb rate
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Kalman filtering

Trade-off between disturbances and measurement noise
§ The system is affected by unmeasured disturbance inputs.

§ There is also measurement noise on the output.

§ Estimate the state (optimal w.r.t. variance of the disturbances and variance of the
measurement noise).

Evolution equation for xu and xy?

„

uppkq

yppkq

ȷ

“

„

Lup 0
Lyup Lyp

ȷ „

xupkq

xypkq

ȷ

ÝÑ
next time step

„

uppk ` 1q

yppk ` 1q

ȷ

“

„

Lup 0
Lyup Lyp

ȷ „

xupk ` 1q

xypk ` 1q

ȷ
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Kalman filtering
Time indexing notation

uppkq “

»

—

–

upk ´ Tp ` 1q

...
upkq

fi

ffi

fl

and yppkq “

»

—

–

ypk ´ Tp ` 1q

...
ypkq

fi

ffi

fl

.

A recursive predictor12

„

x̂upk ` 1q

x̂ypk ` 1q

ȷ

loooooomoooooon

xuypk ` 1q

“

„

Auu 0
Ayu Ayy

ȷ

loooooomoooooon

Ap

„

x̂upkq

x̂ypkq

ȷ

`

„

Buu

Byu

ȷ

loomoon

Bp

upkq.

ŷpkq “
“

Cyu Cyy

‰

loooooomoooooon

Cp

„

x̂upkq

x̂ypkq

ȷ

`

„

Duu

Dyu

ȷ

loomoon

Dp

upkq.

12Smith, Abdalmoaty, Yin, CDC, 2024b.
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Dynamic predictor model

Noise-free model data case

„

up

yp

ȷ

“

„

Lup 0
Lyup Lyp

ȷ „

xu

xy

ȷ

Lyp has nx columns. We have an extended-state:

„

xu

xy

ȷ

P RnuTp`nx .

Noisy model data case

Lyp is square (but close to low rank); truncate or reduce column dimension.

Low rank (in the causality decomposition) is required for the recursive relationship.

Extended-state:

„

xu

xy

ȷ

P RnuTp`nypTp´1q.
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Kalman filtering

Kalman filtering procedure

Correct the prediction update by Kkf pŷpkq ´ yppkqq.

Estimator equations: x̂uypk ` 1q “ Apx̂uypkq ` Bup upkq ´ Kkf pŷpkq ´ yppkqq

“ pAp ´ Kkf Cpq x̂uypkq ` pBup ´ KkfDpqupkq ` Kkf yppkq

ŷpkq “ Cp x̂uypkq ` Dpupkq.

Estimation error dynamics

exuy pk ` 1q “ pAp ´ KkfCpq exuy pkq ` Bwp wpkq ` Kkf vpkq.

Amenable to standard Kalman filter design methods.
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Output prediction

Output prediction using x̂u,x̂y (effect of wp may be able to be captured in x̂u)

Estimated future output:

ŷf “ Exu
x̂u ` Exy

x̂y ` Euf uf,

where Exu
“ pSyu ´ LyfL

´1
uf Suuq, Exy

“ pSyy ´ LyfL
´1
uf Suyq, and Euf “ LyfL

´1
uf .

Signal Matrix Model–Kalman predictive control

Certainty equivalence control objective:

minimise
uf,yf

pyf ´ rqTQpyf ´ rq ` uf
TRuf

T

subject to: yf “ Exu
x̂u ` Exy

x̂y ` Euf uf, uf P U , yf P Y.
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Exploiting dynamics in the process disturbance

Process noise inputs (a (u,w,y) trajectory is available)

System` ypkqyppkq

vpkq „ N p0,Σvq

wpkq „ N p0,Σwq
upkq

Include w in the Signal Matrix Model

»

—

—

—

—

–

up

wp

yp
uf

yf

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

–

Lup 0 0 0
Lwup Lwp 0 0
Lyup Lywp Lyp 0
Suu Suw Suy Luf

Syu Syw Syy Lyf

fi

ffi

ffi

ffi

ffi

fl

»

—

—

–

xu

xw

xy

z

fi

ffi

ffi

fl

Reduced order estimate: x̂w and x̂y.

Prediction for MPC: yf “ Eup up ` Exw
x̂w ` Exy

x̂y ` Euf uf.
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A flight control example (n4sid corrected)

Gust and step command response
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A flight control example (n4sid corrected)

Gust and step command response: Monte Carlo statistics
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Unmeasured disturbances in the model data

Process disturbances

1. The model data is corrupted by a (potentially dynamic) process disturbance, w.

The disturbance signal w is available for constructing the SMM.

In this case estimate x̂w and x̂y from up, yp; calculate xu from up.

This is generally the case when the model data is generated by a simulation.

Dynamics/time correlation in w is now included in the SMM “state,” x̂w.

2. Both the model data and operational data are corrupted by an unmeasured dynamic
process disturbance, w.

This is the more common case in dealing with measured data for the SMM.
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SMM-based Kalman filtering for unmeasured process disturbances

State space representation

xpk ` 1q “ Axpkq ` Buupkq ` Bw wpkq, wpkq „ N p0,Σwq

ypkq “ Cxpkq ` Dupkq ` vpkq, vpkq „ N p0,Σvq

Innovations representation13 (also used in subspace identification14)

This formulation is equivalent in terms of the variance of the error in estimating ŷpkq.

x̂pk ` 1q “ A x̂pkq ` Bu upkq ` Kkf epkq, epkq „ N p0,Σeq

ypkq “ C x̂pkq ` Dupkq ` epkq.

Note that epkq P Rny is white noise.

13See for example: Kailath, Sayed, Hassibi, 2000
14P. Van Overschee and B. De Moor, 2012
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SMM-based Kalman filtering for unmeasured process disturbances

Standard Kalman filter

x̂pk ` 1q “ A x̂pkq ` Bu upkq ` Kkfpypkq ´ ŷpkqq

ŷpkq “ C x̂pkq ` Dupkq.

To implement the Kalman filter we rewrite this as,

x̂pk ` 1q “ pA ´ KkfCq x̂pkq ` pBu ´ KkfDqupkq ` Kkf ypkq

ŷpkq “ C x̂pkq ` Dupkq.

Kalman filter design (known system)

Optimal case: Kkf “ PCT pCPCT ` Σvq´1,

with P satisfying P “ APAT ` Σw ´ APCT pCPCT ` Rq´1CPAT .
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SMM-based Kalman filtering for unmeasured process disturbances

Transforming to the innovations form

Define epkq “ ypkq ´ ŷpkq “ ypkq ´ Cx̂pkq ´ Dupkq to get

x̂pk ` 1q “ A x̂pkq ` Bu upkq ` Kkf epkq

ypkq “ C x̂pkq ` Dupkq ` epkq.

Innovations
form

ypkq upkq
epkq

Causal invertibility (“whitening” filter)

The advantage of replacing wpkq and vpkq with epkq is that epkq is causally related to the
measured input-output data.

x̂pk ` 1q “ pA ´ KkfCq x̂pkq ` pBu ´ KkfDqupkq ` Kkf ypkq

epkq “ ypkq ´ C x̂pkq ´ Dupkq.

Whitening
filter

epkq upkq
ypkq

© 2026 Roy Smith. (LLRF 2026) 36



SMM-based Kalman filtering for unmeasured process disturbances 17

Reconstructing the innovations sequence, epkq

eplq “ CpA ´ KkfCql´1 xp1q `

C
l

ÿ

k“1

pA´KkfCql´k´1 pBw wpkq ´ Kkf vpkqq

Whitening
filter

epkq upkq
ypkq

We don’t know xp1q, or the signals wpkq, vpkq, but we can simulate epkq from an SMM using
upkq and ypkq.

The SMM simulation of the innovations sequence will have a transient error
(from unknown xp1q). If Σv is small w.r.t. Σw, the transient decays quickly.

Closed-loop subspace identification uses a similar trick15 16.

15Qin & Ljung, IFAC Proc., 2003
16Chuiso, Automatica, 2007
17M. Abdalmoaty and R.S. Smith, ECC, 2026.
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SMM-based Kalman filtering for unmeasured process disturbances

Estimating the innovations sequence, epkq

Use an SMM to simulate the whitening filter.
Whitening

filter
epkq upkq

ypkq

»

—

–

HL

¨

˝

»

–

up1:L`Nq

yp1:L`Nq

fi

fl

˛

‚

H1 pypL`1:L`Nqq

fi

ffi

fl

“

»

—

—

—

—

—

—

—

—

–

»

–

up1q

yp1q

fi

fl ¨ ¨ ¨

»

–

upNq

ypNq

fi

fl

...
...

»

–

upLq

ypLq

fi

fl ¨ ¨ ¨

»

–

upL`Nq

ypL`Nq

fi

fl

ypL`1q ¨ ¨ ¨ ypL`N`1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

„

L11 0
L12 L22

ȷ „

QT
1

QT
2

ȷ

.

Simulating

„

up1:Lq

yp1:Lq

ȷ

“ 0 gives ypL`1:L`N`1q « epL`1:L`N`1q.

So êpL`1:L`N`1q “ ypL`1:L`N`1q “ L22Q
T
2 .

© 2026 Roy Smith. (LLRF 2026) 38



Innovations-based SMM Kalman predictor

SMM driven by innovations

»

—

—

—

—

–

up

ep
yp
uf

yf

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—
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—
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Lup 0 0 0
Leup Lep 0 0
Lyup Lyep Lyp 0
Suu Sue Suy Luf

Syu Sye Syy Lyf

fi

ffi

ffi

ffi

ffi

fl

»

—

—

–

xu

xe

xy

z

fi

ffi

ffi

fl

Reduced order estimate: x̂e and x̂y.

Prediction for MPC: yf “ Eup up ` Exe x̂e ` Exy x̂y ` Euf uf.

Complete innovations-based SMM prediction control algorithm

predictor
+ MPC

stationary KF
(DARE)

state-space
Ap, Bp, Cp

innovations
SMM

estimation
ê “ L22QT

2

model data
tu, yu
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Flight control example

Reconstructing the innovations sequence, epkq

254 256 258 260 262 264 266
Time [s]

-1

-0.5

0

0.5

1

e 1
[f
t/

s]

True vs. estimated innovations

254 256 258 260 262 264 266
Time [s]

-1

-0.5

0

0.5

1

e 2
[f
t/

s]

true
estimated

Boeing 747 example

L “ 150
(chosen by cross-validation)

Last 10 seconds of êpkq and epkq

are shown.

Effectively estimates the effect of
unknown noise, vpkq, and
process disturbance, wpkq.
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Flight control example

Closed-loop predictive performance (100 Monte-Carlo runs)
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Note: innov-SMM-Kal outperforms SMM-Kal even though w is not known.
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Summary and comments
Signal Matrix Model formulations

§ Integrates easily into a predictive control scheme.

§ Causal decoupling removes the need for regularisation

§ SMM and data-driven predictive control needs all input signals to work well.

Process noise in data-driven control
§ Unmeasured process noise (and/or time-correlated measurement noise) severely degrades
SMM predictions.

§ Estimation of the dynamic effect of process and measurement noise needed.

Kalman filtering and innovations

§ Ability to track the effect of unknown/uncertain process disturbances.

§ Kalman filter averages noise over all past data (not just the horizon Tp).

§ Estimating innovations recovers optimal trade-off between measurement and process noise.

§ Process disturbance forecasts easily incorporated.
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Predictive models: state-based vs. data-based

State-based model applications

§ High economic value

§ Safety critical

§ Hierarchical or distributed

§ Mass-produced

The physical state may have a meaning that
makes it worth modeling and identifying.
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Data-driven methods: further considerations

Benefits

§ The predictive modeling process is
simplified.

§ Faster to implement.

§ Potentially cost effective for low-value
heterogeneous subsystems.

Drawbacks

§ Measurement data is messy and unreliable.

§ Experimental and identification considerations
subsumed in getting the data.

§ Operational data is poorly suited to
characterising system behaviours (insufficiently
exciting).

§ Difficult to incorporate physical knowledge.

§ Fits poorly into a complex system hierarchy.
(lose meaning associated with model
parameters).
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